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Abstract 

Let X be a space of homogeneous type and let L be a sectorial operator with bounded 
holomorphic functional calculus on L'^(X). We assume that the semigroup {e~*^}t>o satisfies 

p^ , Davies-Gaffney estimates. Associated to L are certain approximations of the identity. We 

call an operator T a non-integral operator if compositions involving T and these approxima- 
tions satisfy certain weighted norm estimates. The Davies-Gaffney and the weighted norm 
estimates are together a substitute for the usual kernel estimates on T in Calderon-Zygmund 
theory. 

In this paper, we show, under the additional assumption that a vertical Littlewood-Paley- 
Stein square function associated to L is bounded on L^(A), that a non- integral operator 

<I^ ■ T is bounded on L^{X) if and only if T{1) G BMOl{X) and T*(l) € BMOl*{X). Here, 

["t , , BMOl{X) and BA10l'{X) denote the recently defined BMO{X) spaces associated to L 

that generalize the space BMO{X) of John and Nirenberg. 

Generalizing a recent result due to F. Bernicot, we show a second version of a r(l)-Theorem 
under weaker off-diagonal estimates, which gives a positive answer to a question raised by 
him. As an application, we prove L^(A)-boundedness of a paraproduct operator associated 
to L. We moreover study criterions for a r(6)-Theorem to be valid. 
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1 Introduction 

The term T{l)-Theorem originally denotes a famous result of David and Journe [23], which char- 
acterizes the boundedness of C alder on- Zygmund operators on L^(]R"). In short, they prove that 
a Calderon-Zygmund operator T is bounded on L^(R"') if and only if it is weakly bounded (in 
some appropriate sense) and T(1),T*(1) € i?MO(M"). What is fascinating about this theorem 
is that it is both - a deep result of crucial importance and a theorem that can be formulated in 
only one sentence. 

Many examples of operators, such as the Calderon commutators and pseudo-differential oper- 
ators, can be covered by this result. For others, such as the Cauchy integral operator along 
Lipschitz curves, the r(l)-Theorem is not directly applicable. This led to the development of 
a T(6)-Theorem, see |49| . |24j . where the function 1 is replaced by a para-accretive function b. 
There exist numerous variants and generalizations, among them local T(6)-Theorems, see e.g. 
|16| . [38], generalizations to non- homogeneous spaces, see e.g. |50j . and operator- valued versions, 
see e.g. 



Even though in practice many operators fall under the scope of the Calderon-Zygmund theory, 
there are still numerous operators of interest that do not. It is well known, that an L^-bounded 
Calderon-Zygmund operator is automatically also bounded on L^ for all p G (l,oo). This makes 
the Calderon-Zygmund theory not applicable to operators which are bounded on L^ only for a 
range of p strictly smaller than (l,oo). 

Examples of such operators include operators that are related to a sectorial operator L in L^, 
with domain 'E'(L) and range TZ{L), where the corresponding semigroup {e~ }t>o is bounded 
on LP only for a range of p strictly smaller than (l,oo). In this case, one cannot work, as it has 
frequently been done in the last two decades, with pointwise Gaussian estimates for the semi- 
group, but has to work with generalized Gaussian estimates, Davies-Gaffney estimates or other 
off-diagonal estimates instead. 

Aiming at a unified treatment of some of these operators, an L^ theory was developed for oper- 
ators that lie beyond Calderon-Zygmund theory, still - or even more - being "singular" in some 
sense and generalizing the concept of Calderon-Zygmund operators. See e.g. |27j . |19j . |13| . 
[1], [3] and [2|. Actually, many ideas used in the study of such operators are generalizations of 
methods developed in Calderon-Zygmund theory. Those operators have also been called non- 
integral operators, reflecting the property that the operators under consideration can no longer 
be represented as an integral operator with a Calderon-Zygmund kernel, sometimes even not 
with any other kernel in a suitable sense (besides the Schwartz kernel). The main idea in this 
concept (already present in [28], |27| ) is to use approximation operators that are constructed via 
i/°°-functional calculus as introduced in |48| . e.g. the semigroup {e~*^}f>o as an approximation 
of the identity and the derivative {tdte~^^}t>o for the construction of a resolution of the identity. 
The Hormander condition for a Calderon-Zygmund operator is then replaced by weighted norm 



estimates, also called off-diagonal estimates, on compositions involving T and these approxima- 
tions. 

Closely related to this theory are results on generalizations of operators and function spaces, 
that were originally constructed via the Laplacian and Littlewood-Paley theory. This includes 
versions of Hardy spaces H^ and corresponding spaces BMOl that are associated to L, see e.g. 
[5], [30], [29], [8], [12], [H], [12], [39], [26] and the study of Riesz transforms, e.g. in [6], [30], [E 



The present paper is devoted to a corresponding L^ theory for such non-integral operators. 
We assume X to be a space of homogeneous type and let L be a sectorial operator with bounded 
holomorphic functional calculus on L?'{X). We assume that the semigroup {e~*^}i>o satisfies 
Davies-Gaffney estimates, an L^ — L? estimate for some p < 2 and an L^ — L^ estimate for some 
q > 2. Standard examples of operators that satisfy our assumptions are elliptic operators in di- 
vergence form with bounded measurable complex coefficients, see e.g. [2], Schrodinger operators 
with singular potentials, see e.g. |47) , and Laplace-Beltrami operators on complete Riemannian 
manifolds with non-negative Ricci curvature, see e.g. [25], 



Let us be a bit more precise on the term "non-integral operator": We consider operators T : 
V{L) n n{L) -^ Ll^{X) with T* : V{L*) n n[L*) -^ Lf^^{X) such that for functions V'l, "02 G ^ 
(where ^ denotes the set consisting of bounded holomorphic functions on a sector with decay at 
zero and infinity) with suitable decay at zero the following off-diagonal estimates are valid: 

\\TMtL)f\\L.(B,) + \\T*MtL*)f\\L^B,) <c(l + M^^^^^ ' 11/11^,^^^^ (1.1) 

for some 7 > 0, for all t > 0, all balls Bi, B2 with radius r = t^/^™ and all / € L^(X) supported 
in Bi. 

These off-diagonal estimates replace Holder or Hormander conditions on the kernel of Calderon- 
Zygmund operators. Similar estimates were already used in |41| . Theorem 3.2, to show bounded- 
ness of some operator T : Hj^{X) — )• L^{X) under the assumption that T is bounded on L?'{X). 
The relation of our assumptions on T and those used in Theorem 13.231 is given by Lemma 14.121 
below. Moreover, observe that the estimates in (jl.ip are not only "off-diagonal" assumptions, 
but also include the "on-diagonal" case for dist(i?i, -B2) = 0. In contrast to the standard r(l)- 
Theorem of [23], we therefore do not require a weak boundedness property in Theorem II. II below. 

On the Euclidean space M" let us denote by Gl the vertical Littlewood-Paley-Stein square func- 

(poo 2 rlf\ ^^^ 

/ tVe~* ""^/{x) — j for all x £ W^ and all 

/ G L^(]R"). Then the main result, Theorem 14.81 below, reads as follows: 

Theorem 1.1 Let L be the sectorial operator of order 2m as specified above such that Gl and 
Gl* are bounded on L^(]R"). Let T be a non-integral operator satisfying ()l.ip for sufficiently 
large 7 > 0. Then T is bounded on L'^(W^) if and only if 

T(l) G SAfOL(M") and T*{1) G BMOl*{^''). 

Here, r(l) and T*(l) are appropriately defined linear functionals on a subspace of Hj^{W^) and 
HJ^t{W^), respectively. If the space M"" is replaced by an arbitrary space X of homogeneous 
type, we require in addition the validity of some Poincare inequality and have to reformulate the 
boundedness of the Littlewood-Paley-Stein square functions. 



The most important tool in the proof of Theorem 11.11 is a paraproduct associated to L. With 
the help of a Fefferman-Stein criterion for Carleson measures and elements of BMOl{X), it is 
shown in |31| (see Theorem 14.91 below) that for every h € BMOl{X) the operator 



oo 



2m 



dt 



U,:f^ i^it'''^L)m'"'L)b-Me-' ^f)]^ (1.2) 

Jo ^ 

is bounded on L^(X), where xp, ip £ '^ with sufficient decay at zero, and At denotes some averag- 
ing operator. After subtracting IIt(i) from the operator T, the remaining term can be dealt with 
by Poincare inequalities, quadratic estimates and almost orthogonality arguments. In absence 
of pointwise kernel estimates, off-diagonal estimates become a crucial technical ingredient, cf. 
Section 13.11 below. 



Let us also mention the following extension property of non-integral operators, that is shown 
in Corollary 14.131 below. If T satisfies (jl.ip and is bounded on L'^{X), then it extends to a 
bounded operator T : H^X) -^ LP{X) for p E [1,2), T : LP{X) -^ Hl{X) for p G (2,oo) and 
T : L°°{X) —7- BMOl{X). Such a property is similar to the behaviour of Calderon-Zygmund 
operators, in respect of the fact that every Calderon-Zygmund operator, that is bounded on 
LP'{X), is automatically also bounded on LP{X) for all p S (1, oo). 

For a second order elliptic operator L in divergence form, we denote by (p^(L),p^{L)) and 
{q-{L), q^{L)) the interior of the interval of ^^(X) boundedness of {e~ }i>o and {\/tVe~ }i>o, 
respectively. In [2] it is shown that p~{L) = q~{L) and p+{L) > q^{L). Then for p G 
(p_(L),p+(L)), as shown in |42| . there holds H^{X) = IJ'(X), and therefore T is bounded 
on LP{X) for all p E {p-{L),p^{L)). For other types of operators L, one can obtain similar 
results via generalized Gaussian estimates, cf. Proposition 13.25] below. However, these results on 
LP{X) boundedness also show that Theorem 1 1.1 1 is not applicable to operators, such as the Riesz 
transform VL~^'-^, which are only bounded on LP{X) for p G {q^{L),q^{L)), in the case that 
p+{L) > q+iL). 

While the work was in preparation, we learned that a similar T(l)-Theorem has also been proved 
by Bernicot, cf. |11| . The main difference to our result is, that a crucial assumption in |11| are 
pointwise bounds on the kernels of the semigroup {e~ }t>o- Moreover, it is assumed that the 
conservation properties e~*^(l) = 1 and e~*^*(l) = 1 hold. On the other hand, the assumed 
off-diagonal estimates on the operator T are slightly weaker than (jl.ip . 

In Theorem 14.161 below, we show, with the same methods used in the proof of Theorem II. H 
a second version of a r(l)-Theorem under weaker off-diagonal estimates. This generalizes the 
result of |11) and answers the question of Bernicot, raised in |llj . whether such a result could be 
obtained assuming only off-diagonal estimates instead of pointwise bounds on the kernel of the 
semigroup. 

Under the additional assumption that e~ is bounded on L°°{X) uniformly in t > 0, we then 
apply Theorem 14. 161 to prove the boundedness of the paraproduct operator IIj on L'^{X), where 
Ilf is defined by 

Jo ^ 

for / G L°°{X), g G L'^{X) and ^ G ^ with sufficient decay at zero and infinity. 



Moreover, we study conditions for a T(6)-Theorem to be valid for an accretive function b E 
L°°{X). The conditions are given in terms of certain Schur conditions as they are used in a 
continuous version of the Cotlar-Knapp-Stein lemma. That is, we assume that for large enough 
<5>0 

ijj{sL)Mbij{tL) <Cmm(^,-) ||6||ioom 

uniformly for all s,t > 0, where ipjip £ ^ and Mf, denotes the multiplication operator with b. 

The article is organized as follows: In Section 2, we set some notation and summarize the most 
important definitions and results for spaces of homogeneous type and holomorphic functional cal- 
culus. In Section 3, we define three different notions of off-diagonal estimates and collect essential 
properties of those. Moreover, we fix our assumptions on the operator L and give a short review 
on Hardy and BMO spaces associated to operators. Section 4 contains the main results of this 
article. We first show how to define r(l) and T*(l) (a problem which has not been addressed 
in [llj ) and introduce the notion of Poincare inqualities on spaces of homogeneous type. We 
continue with statement and proof of a T(l)-Theorem for non-integral operators. Theorem II. 1| 
and of a second version and explain the corresponding L^ theory. Finally, we study criterions for 
a r(6)-Theorem. In Section 5, we give the proofs of some auxiliary results concerning off-diagonal 
estimates for certain operators. 

Throughout the article, the letter "C" will denote (possibly different) positive constants that are 
independent of the essential variables. We will frequently write a < 6 for non- negative quantities 
o, 6, if a < Cb for some C. 

2 Preliminaries 

2.1 Spaces of homogeneous type 

In the following we will always assume X to be a space of homogeneous type. More precisely, we 
assume that (X, d) is a metric space and // is a nonnegative Borel measure on X with ^(X) = oo 
which satisfies the doubling condition: 
There exists a constant ^i > 1 such that for all x G X and all r > 

V{x,2r) < AiV{x,r) < oo, 

where we set B{x,r) := {y £ X : d{x,y) < r}, V{U) := fi{U) for an open set [/ C X and 
V{x,r) := fi{B{x,r)). Note that the doubling property implies the following strong homogeneity 
property: There exists a constant ^42 > and some n > such that for all A > 1, for all x G X 
and all r > 

y(x,Ar) <^2A"V(x,r). (2.1) 

In a Euclidean space with the Lebesgue measure, the parameter n corresponds to the dimension 
of the space. There also exist constants C and D, < D < n, so that 

V{y,r)<c(l + ^^^) V{x,r) (2.2) 



uniformly for all x,y £ X and r > 0. For D = n, this is a direct consequence of ()2.ip and the 
triangle inequality. If X = M", then D can be chosen to be 0. For more details on spaces of 



homogeneous type, we refer to |18| . 

We fix some element xq £ X that is henceforth denoted by 0. The bah Bq := -6(0, 1) is then 

referred to as unit ball. 

For a bah B <^ X we denote by rs the radius of B and set 

So{B) := B and Sj{B) := 2^ B \ 2^'^B for j = 1, 2, . . . , (2.3) 

where 2^B is the ball with the same center as B and radius 2^rB- 

We recall from |22j . |16| the following construction of an analogue of a dyadic grid on Euclidean 
spaces for spaces of homogeneous type. 

Lemma 2.1 Let {X,d,fi) be a space of homogeneous type. Then there exists a collection Q := 
{Qa '■ /c G Z, a G /fc} of open subsets of X, where If^ is some index set, a constant 6 G (0, 1) and 
constants Ci,C2 > such that 

(i) fi{X \ U^ Q^) = for each fixed k and Q^ n Q^ = if a ^ /3; 

(a) for any a, /3, k, I with I > k, either QL C Q^ or QL n Q^ = 0; 

(Hi) for each I < k and each a £ I^ there is a unique /3 such that Q^ C QL; 

(iv) diam(Q^) < Ci6\- 

(v) each Q^ contains some ball B{z^,C2S ), where z^ G X. 

One can think of Q^ G Q as being a dyadic cube with sidelength 6 centered at z^ . By abuse of 
notation we will sometimes call the elements of the collection Q "cubes". 

We fix the following notation for further reference. It describes the covering of a dilated ball 2^B 
with elements of Q whose diameters are related to the radius of the ball B. 

Notation 2.2 Let B = B{xB,rB) be an arbitrary ball in X. With the notation as in Lemma 
I2.H we define fco G Z to be the uniquely determined integer satisfying 

Ci6''° <rB< Ci6^"'^ (2.4) 

and for each j G N we define kj G Z to be the integer satisfying 

^-fc, < 2J < J-'^^-i. (2.5) 

We further define for each j G N the index set Mj related to the ball B = B{xb, tb) by 

Mj := {/3 G ho : QJ° n B{xb, CiS'^"-''^-^) + 0}, (2.6) 

representing all "cubes" out of Q with "sidelength" approximately equal to r^ that have non- 
empty intersection with the dilated ball 2^B. More precisely, we observe that Lemma |2 . 1 1 vields 
- modulo null sets of /i - for every j G N the following inclusions: 

2JSC .B(xB,Ci(5'="~''^~2) C y qJ« C S(2;b,2Ci<5'="~''^~2) C 5~22J+i.B. (2.7) 



The first and the fourth inclusions are simple consequences of the definition of /cq and kj , whereas 
the second one follows from Lemma 12.11 (i) and the third one uses Lemma 12.11 (iv). Further, 
Lemma [2 . 1 1 yields that the sets Qo°, P G Mj, are disjoint and for each /3 G Mj there exists some 



Zg G X such that 



'P 



Biz'\cirB)^Q'tl'^Biz'\rB) (2.. 



^13 - "-"y^p 

for some ci G (0, 1) independent of j and /5 due to Lemma [2.11 (v) and (iv). 

Remark 2.3 The cardinality of the set Mj defined in (j2.6p is bounded from above by a constant 
times 2-'". This fact is in analogy to the case of Euclidean spaces, meaning that for an arbitrary 
ball B = B{xB,rB) in X, one can cover the dilated ball 2^ B = B{xB,2^f'B) by approximately 
2^"' disjoint "cubes" out of Q of diameter approximately equal to r^. The argument is a simple 
modification of the one given in |18| . Chapitre III. 



2.2 Notation 

Let / G L^^^{X). We denote the average of / over an open set U £ X hy 

{f)u ■■= y7^ / f{x)dn{x). 

Averaging operator Let i > 0. With the notation as in Lemma [2. H we denote by fco G Z the 
unique integer satisfying 

Ci<5*^o < t < Ci6''°-\ (2.9) 



Then for almost every x £ X there exists a unique a G Ikg such that x G Qa- We will therefore 
define the uncentered averaging operator At with respect to "dyadic cubes" by 

Atf(x):= T— f(y)dn(y), for almost all j; G X, (2.10) 

for every / G Lj'q^(X), where Q^ is the uniquely determined open set out of the collection 
{Qfl°}/3e/fc with X G Q^°. Observe that the operator At is constant on each open set Qo" 
and that Atf = X^^gj (/) fcgl fco, where ko is determined by (|2.9p . Moreover, there exists a 
constant C > such that for almost every x £ X and every / G Ljq^(X) 

\Atf{x)\ < C— i- / \f{y)\ dpi{y). (2.11) 

y{x,t) jB{x,t) 

Maximal operators We denote by Ai the uncentered Hardy-Littlewood maximal operator, 
i.e. for a measurable function / : X — t- C and a point x G X we set 

Mf{x) = sup — ^ / \fiz)\ dfiiz). 

r>0 y{y,r) JB{y,r) 
y£B{x,r) 

Further, for p G [1, cxo), we denote by Aip the p-maximal operator, i.e. for a measurable function 
/ : X ^ C we set Mpf = [M{\ff)]^/P. RecaU that Mp is bounded on L''(X) for every q G {p, oo], 
but not on LP{X). 



Tent spaces and Carleson measures For any x G X , we denote by T{x) the cone of aperture 
1 with vertex x, namely r(x) := {{y, t) £ X x (0, oo) : d{y, x) < t}. If O is an open subset of X, 
then the tent over O, denoted by O, is defined as O := {{x,t) £ X x (0, oo) : dist(x,0'^) > t}. 
For any measurable function F on X x (0, oo), the conical square function £/F is defined by 



and the Carleson function 'ifF by 



^//....„^^)'^ 



where the supremum is taken over all balls B in X that contain x. One then defines on X x (0, oo) 
the tent spaces 

r^(X) ■.= {F : X X (0,oo) -^ C measurable; ||F||^i(^) := ||^F||^i(^) < oo}, 
T°°{X) ■.= {F :X X (0,oo) -^ C measurable; \\F\\^^^x) ■= W^PWi-^iX) < ^}- 
A Carleson measure is a Borel measure i/ on X x (0, oo) such that 



^=Tv^//^""'<°"' 



where the supremum is taken over all balls B in X. 

For more details on tent spaces and Carleson measures, we refer to |17| . 

2.3 Holomorphic functional calculus 

We only state the most important definitions and results. For more details on holomorphic 

functional calculi we refer to |48| . [1], |l6] and |35) . 

For 0<C;;<cr<7rwe define the closed and open sectors in the complex plane C by 

S^+ := {C G C \ {0} : largCI < u;} U {0}, S" := {C G C : C / 0, |argC| < a}. 

We denote by H(Tj^) the space of all holomorphic functions on T,^. We further define 

H^i^l) := {^ e H{^1) : 11^^11^0.(20) < oo}, 

^aAK) ■■= {^ e H{^1) : 3C : |^(C)| < C Kl" (1 + lCr+'')"' for every C G K) 
for every a, /3 > and ^{^^ := U„,^>o ^a,/3(S°). 

Definition 2.4 Let uj £ [0,tt). A closed operator L in a Hilhert space H is said to be sectorial 
of angle oj if cr(L) C Si_j+ and, for each a > co, there exists a constant C^ > such that 

||(a-i)~l<aicr\ c^s^+. 

Remark 2.5 Let lo G [0,vr) and let L be a sectorial operator of angle w in a Hilbert space H. 
Then L has dense domain in H. If L is assumed to be injective, then L also has dense range in 
H. See e.g. |21) . Theorem 2.3 and Theorem 3.8. 



Let u < 6 < a < TT and let L be a sectorial operator of angle co G [0, vr) in a Hilbert space H. 
Then for every ip £ ^(5^^) 

V'(L) := 7^ / V'(A)(A/ - L)-^ dX (2.12) 

defines a bounded operator on H. By sectoriality of L the integral in ()2.12p is well-defined, 
and an extension of Cauchy's theorem shows that the definition is independent of the choice of 
9 £ ioJ,cr). 

Let L be in addition injective and set 'ip{z) := z{l + z)~'^. Then ip{L) is injective and has dense 
range in H. For / S H'^{T,^) one can define by 

f{L):=mLr\f-^j){L) 

a closed operator in H. We say that L has a bounded i/°°(S|^) functional calculus if there exists 
a constant c^ > such that for all / E if°°(S°), there holds f{L) G -B(-ff) with 



ll/WII<c. 



L->(EO) • 



One can show that L has a bounded holomorphic functional calculus on H if and only if the 

following quadratic estimates are satisfied: 

For some (all) a S (w,7r) and some Tp E ^(S|^) \ {0} there exists some C > such that for all 

xeH 



C-^\\xf< UitL)xf — <C\\xf. (2.13) 



t 



Moreover, \i ipjip G ^(S^) \ {0} are chosen to satisfy J^ ip{t)'ip{t) ^ = Ij then the functional 
calculus of L on H yields the following Calderon reproducing formula: For every f G H 



/■CO ^f 

/ ^{t'^L)4,{t'-'L)f- = f inH. 
Jo '^ 



Observe that for given ip G ^(S^) \ {0} and given a,/3 > 0, one can always find a function 
i> € ^aA^l) \ {0} such that J^ tP{t)m f = 1. 

3 Off-diagonal estimates and definition of H^{X) and BMOl{X) 

In the following, m > 1 will be a fixed constant, and 2m represents the order of the sectorial 
operator L. 

3.1 Davies-Gaffney and other off-diagonal estimates 

We introduce the following three different notions of off-diagonal estimates (compare also [?])• 

Davies-GafTney estimates We say that the family of operators {St}t>o satisfies Davies- 
Gaffney estimates (L? off-diagonal estimates) if there exist constants C, c > such that for 
arbitrary open sets E,F (^ X 



1 

dist(E.F)^ '" ' 2m-l 



\\Stfh2^F-,<Ce V - ; Wfh^E), (3-1) 

for every t > and every / G L^(X) supported in E. 



Off-diagonal estimates We say that a family of operators {St}t>o satisfies L^ off-diagonal 
estimates of order 7, 7 > 0, if there exists a constant C > such that for arbitrary open sets 
E,F QX 

dist(^F)2™^-^ 

T 
for every t > and every / G L^(X) supported in E. 



|5't/||i2(p') < C (iH I \\j\\L2(E) 



Weak off-diagonal estimates We say that a family of linear operators {5(}(>o satisfies weak 
L^ off-diagonal estimates of order 7, 7 > 0, if there exists a constant C > such that for every 
t > 0, arbitrary balls Bi,B2 G X with radius r = t^'^"^ and every / E L'^{X) supported in B\ 

l|5*/ll..(B.) <c{l + ^M^^^^) "' ||/||,,(,^^ . (3.2) 

Unless otherwise specified, we always mean by (weak) off-diagonal estimates the definition of 
(weak) L^ off-diagonal estimates. 

We collect some important properties of the different concepts of off-diagonal estimates. 

Operator families that satisfy off-diagonal or Davies-Gaffney estimates are uniformly bounded 
on LP'{X). This is a direct consequence of the definition by taking E = F = X. For operator 
families that satisfy weak off-diagonal estimates, we obtain the following. 



of order 7 > 2^- Then St is hounded on L'^{X) uniformly in t > 0, i.e. there exists a constant 



Lemma 3.1 Assume that the family of operators {St}t>o satisfies weak Lp' off-diagonal estimates 

i h 
C > such that for all f G L?'{X) and every t > 

\^tf\\L2(X) ^ '^II/IIl2(x) • 



Proof: Let t > and /, g G L^(X). We split X with the help of Lemma [2?T] into "cubes" out of 
Q with diameter approximately equal to t^'"^^ and then order them into annuli around one fixed 
"cube" to get an estimate for the distance of the "cubes". With the notation as in Lemma 12. H 
let ko £ Z, he the integer satisfying Ci(5 " < t^''^"^ < Ci6 ^'~^. In addition, for every a G /fco we 
denote by Ba the ball B{z^\t^'^'^) and observe that Lemma [2. II (iv) and (v) yield the inclusion 
Qa^ C Bee- Then by assumptions 



\{Stf,9)\< Yl E 



i^t'^Qlof^^Qkog) 



dist(i?„S^)2-^ ^ 









1/2 



^"G-ffeo /3G4,) 



v- v- / dist( B a, Br^'^X ^„ „2 \ , , 
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using the Cauchy-Schwarz inequality in the last step. Let a E J^g be fixed and let j E N. As in 
Notation 12.21 we define the index set Mj related to the ball B^ by 

Mj := {/3 E 4, : QJ° n i?(z^o, Ci^^o-^'^-^) ^ 0}. 

The inclusions (|2.7p from Notation I2.2l vield that if Zg' E Sj{Ba), then /9 E Mj and, by definition 
of the annulus, dist(i?Q,, i?^) > 2-'^^'^™ for every j > 3. We therefore get for fixed a E Ifco 

^ ^^ ^ distOB^^^s^y^ ^ ^ y^ / ^ dist(i?»,i?^ ^^"^^"^ 



,^ V t / ~ ^ .^ \ t 



fc, 



'/3 
oo 



2?G5j(B<,) 



< E E (1 + 2')"'"'' ^ E 2-''"^^'2"^ (3.4) 

3=0 P&Mj jr=0 

where we used the result of Remark 12.31 in the last step, saying that the cardinality of Mj is less 
than a constant times 2-'". On the other hand, the disjointness of the cubes {Q^ }og/j. implies 
that 



E ll/llL(g^o) < ll/lli.(x) 



Hence, the expression in the first bracket of (|3.3I1 is bounded by a constant times ||/||£2(jjc-)- 
Repeating the same procedure for the second bracket with the roles of a and /3 interchanged and 
/ replaced by g finally shows that \{Stf,g)\ < WIWl^^x) II5'IIl2{x)- □ 

Remark 3.2 Let {St}t>o be a family of linear operators on L'^{X) that satisfies weak off-diagonal 
estimates of order 7 > 0. Then there exists a constant C > such that for an arbitrary ball 
B G X with radius rg = i^/^"", for ah j E Nq and all f,g e L'^{X) with supp/ C B and 
suppff C Sj{B) 

1/9 f a\\ < 2W2 ^ , dist(i?,S,(i?))^- \-^ 

K'3tJ,5';| ^ 2-' ' liH I 11/ |Il2(5) 11511^2(5^(5)) . (3.t)j 

The proof is similar to the one of Lemma [3. II 



Remark 3.3 Let {S'j}f>o be a family of linear operators on L'^{X) that satisfies weak off-diagonal 
estimates of order 7 > 2^- Then, for every t > and every ball B '\n X, the operator S^ also 
acts from L'^{B) to L^{X) and one can thus define St as an operator from L°°{X) to L^^^^X) via 
duality. This works as follows: 

Let / E L~(X) and t > 0. Further, let B = B{xB,t^^^"') be some bah in X and ip e L'^{X) 
with supp(/j C B. Splitting X into annuli around B, we obtain 



K/,5,V)|<E|(/,l5,(B)5iV> 
j=0 

^Z^^ 11 + I ||/|Il2(5^,(b)) ||(^||i2(B) 



i=o 

00 

< llfh^ix) 11^^1^2(5) y(B)^/2^2^«(l + 2^r'"^^ < Wfh^ix) M\LHB)nB)'/', 

3=0 
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since 7 > 2^1- Thus, for every i > we can define Stf for / G L°°(X) via duality as 

{Stf,ip):={f,S:ip), 

where ip € L^(X) is supported in some ball in X. 

We continue with another important observation: All notions of off-diagonal estimates are stable 
under composition. 

Lemma 3.4 Let {St}t>o o.'^d {Tt}tyo be two families of bounded linear operators on Lp'{X). 
(i) If {5'(}i>o and {Tt\t>Q satisfy Davies-Gaffney estimates, then {SsTt}s,t>o satisfies Davies- 
Gaffney estimates in max(s,t). 

(ii) If {St}t>o and {Tt}t>o satisfy off-diagonal estimates of order 7 and 5, respectively, then 
{SsTt}s,t>o satisfies off-diagonal estimates 0/ order min(7, (5) mmax(s,t). 

Part (i) for ?ti = 1 is proven in |40) . Lemma 2.3. The proof for arbitrary m and part (ii) follow 
along the same lines. 

For the corresponding result for families of operators that satisfy weak off-diagonal estimates 
(Proposition 13.71 below) . we first state some auxiliary results. 

Remark 3.5 Let s,t > with t < s and let B be an arbitrary ball in X with radius t. As in 
Notation 12.21 let k^ be the uniquely determined integer satisfying Ci5^^ < i < Ci5^"~^ and for 
each fi G Iuq let Bp := B{zn°,t), where Zg° is given by Lemma [2. II Further, suppose that 7 > n. 
Then for every e > with 7 > n -|- e 

^r.js,iMdy.± j: (,,5i!!(|jMr<f 2(,,^)-'"^", 

/3e/fco ^ ^ i=o /3e/feo ^ ^ j=oi3eAij ^ ^ 

using the fact that for every j > 3 and all /3 with Zg" G Sj{B) there holds dist(i?,i?^) > 2H and 
P £ Mj, where Mj was defined in (|2.6p . Moreover, Remark 12.31 shows that #Mj < 2^^, therefore 
the above is bounded by a constant times 

i:*"(>+v) 5(7) E^^"^-^'"^"^ (7) 

since we assumed t < s. 

Thus, we finally obtain the following: For every e > there exists a constant C > such that 

for all t < s and every 7 > n -|- e 

where B is an arbitrary ball in X with radius t and the balls Bjs = B{zJ-\t) are specified above. 
In view of the assumption t < s, one obviously aims at an application for sufficiently small chosen 
e>0. 

Fundamental for the proof of Proposition 13.71 is the following lemma. It can be considered as an 
analogue of certain estimates for compositions of integral operators, see e.g. |33) . Appendix K.l. 
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Lemma 3.6 Let s,t > with t < s and let Bi,B2 be two arbitrary balls in X with radius t. If 
^,6 > n, then for every e > there exists some constant C > such that 






distiBp,B2y~^ 



<c(i)"«(i + ^i!M^)""'*'", (3^7) 

where Bp = B{zJ',t), kQ £ Ti is uniquely determined by Ci6^^' < i < Ci6^°~^ and the index set 
/fco o^i^d Zg° are given in Lemma \2.1\ 

Proof: Let e > 0. We denote by S the left-hand side of ([32]). If "^''^^^'"^"^ < 3, then we get, 
according to (j3.6p . 



^^y L I dist(i?i,i3^) \ " < /£y'+^ < /£y"+^ A ^ distCBi^y 



If otherwise "^ ^ ^' ^' > 3, we spht the space X into two parts. For this purpose, we set 
p := dist(i?i, -B2) and define G := {x G X : dist(x,i?2) < fi- Then, for every /3 G /^g with 
Zg° G G we have the estimate 

dist(5i, S^) > dist(5i, G)-t>- dist{Bi,B2) - - dist(Si, B2) = - dist(Si, S2). 

.Zoo 



Using p.6p . this yields 



y / ^ dist(i3i,i3^) \-^/ ^ dist(g;3,i?2) y' 

dist(Bl,S2)^"^ y- A ^ d[st{Bf,,B2) y^ ^ fsy+e r ^ dist(gi,^2) Y 



z;-GG 



<(l + 

.s / 







(3.8) 

Similarly, if /3 G I^g with Zg° G -'^VG, we obtain the estimate dist(i?2)-B^) ^ dist(i?i,i?2)- Hence, 
we can argue as before and end up with the same bound as in (|3.8p for the sum over all /3 G Ik^ 

with z^g° eX\G. □ 

Now, we can show the following. 

Proposition 3.7 Let {St}t>o o-nd {T(}t>o be two families of linear operators on L'^{X) that 
satisfy weak off-diagonal estimates of order 7 > 2^ CLnd ^ > ^, respectively. Then there exists 
some constant C > such that for every t > and arbitrary balls Bi,B2 G X with radius 



J. _ f-l/2m 



9Tfii <rli I i^m,B2r- \—''''^ 



t 

for all f G L'^{X) supported in Bi. 
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Proof: Let fco G Z be defined by ([23]), so that Ci^'^'" < t^/^m ^ c^^feo-i^ Moreover, let 4^ be 
the index set defined in Lemma |2. II and denote for every /3 G I^y by Bp the bah B{zo° ,t^''^^). 
Lemma [2. II then yields in particular that X = U«6/ ^13 ^P ^o a nullset. 

Since we assumed 7, (5 > g^, we can apply Lemma 13.61 (now with t^/"^^ instead of t) and get for 
every / E L^(X) with supp/ C Bi by assumption on the operators 

^/ dist(i?i,i?2^2™^"""^'''^^ 



^ ) IUIlL2(i?i)- □ 

One can apply weak off-diagonal estimates for balls with some radius different from the scale of 
the operator family in the following way. 

Remark 3.8 Let {5(}t>o be a family of linear operators on L'^{X) that satisfies weak off-diagonal 
estimates of order 7 > 0. Let s,t > and let Bi,B2 be two arbitrary balls in X with radius s. 
Then for every / € L^(X) with supp/ C Bi 

\\Stfh^^B,)^ra^^{l,[-^j^) \[l + J 11/1^2(5^). 

For the proof, one splits X into "cubes" out of Q with diameter approximately equal to t^/^™' 
and argues similar to the proof of Lemma 13.11 

3.2 Assumptions on L 

We fix our assumptions on the operator L. Unless otherwise specified, we will assume the 
following. 

(HI) The operator L is an injective, sectorial operator in L'^{X) of angle u, where < oj < 7r/2. 
Further, L has a bounded H°°{T,^) functional calculus for some (all) lo < a < tt. 

(H2) The operator L generates an analytic semigroup {e^ }j>o satisfying Davies-Gaffney esti- 
mates, i.e. there exist constants C, c > such that for arbitrary open subsets E,F (^ X 



\e *^/|L2(^) <Cexp 



/dist(£;,F)2™A 2m-l 

V ct 



LHE) 



(3.9) 



for every t > and every / G L?'{X) with supp f ^ E. 



(H3) The semigroup {e~*^}j>o satisfies an L^ — L^ off-diagonal estimate for some p G (1, 2) and 
an L^ — L^ off-diagonal estimate for some q £ (2, 00), i.e. there exists a constant C > 
and some e > such that for every t > 0, every j G Nq and for an arbitrary ball B va. X 
with radius r = t^/^™ 



e-^^'ls.CB)/ 
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< c2-^-(t+^)y(5)5-i \\f\\LP(s,m (3.10) 



and 



k"*^iB5|L,-(5^,(5)) < C2-^'(t+^V(s)i-^ |blL.(5) 



(3.11) 



for all / £ LP{X) and all g G L?'{X). Here, q' is the conjugate exponent of q defined by 

4 + ^7 = 1. 
q q' 



Observe that (|3.1ip is just the dual estimate of (j3.10p . That is, if L satisfies (j3.1ip with exponent 
q^ then L* satisfies ()3.10p with exponent q' and vice versa. 

Remark 3.9 (i) One can show the following self-improving property of Davies-Gaffney esti- 
mates: 

Assume that (|Hip is satisfied. If condition ()3.9p holds for all halls Bi, B2 in X, then the assertion 
is also true for arbitrary open sets E,F of X (in general with different constants C,c> 0). 
The proof is similar to the proof of Lemma |3. II (cf. also 0, Proposition 3.2(b)). 
(ii) In the special case of non-negative self-adjoint operators L and m = 1, Coulhon and Sikora 
show in |20| that condition (|3.9p is equivalent to the following: 

There exist some constants C, c > such that for arbitrary open sets E,F in X with /i(-E) < 00 
and fi{F) < 00 and all t > 



(e-*^l£,lF) < Cexp 



d[st{E,Ff 
ct 



^(i?)VV(F)V2. 



This is the form of Davies-Gaffney conditions as they were considered in |25| . for instance. 

Remark 3.10 If there exists a constant C > such that V{x,r) > Cr"' for all x G X and all 
r > 0, then ()H3P is a consequence of the following estimates: 



Let p G (1,2) and q £ (2,cxd). There exist constants C, c > such that for arbitrary open sets 
E,F <ZX 



-tL 



f\ 






< Ct 2m ip- 2 J 



/dist(£;,F)2™ 



ct 



LP(E) 



(3.12) 



and 



\e-''9\ 



LHF) 



< Ct 2m(2 q) 



exp 



/dist(^,F)2™ 



ct 



\9\\l'2{e) 



(3.13) 



for every t > and every / G U'{X) and g G L?'{X) supported in E. 



The proof is obvious. If (|3.12p is satisfied, then, in particular, e~*^ : L^{X) — t- L'^{X) is bounded 
for every t > 0. Analogously, if ()3.13p is satisfied, then e~ : L'^{X) — )■ L^{X) is bounded for 
every t > 0. For sufficient conditions for (|3.12p in terms of off-diagonal estimates of annular type, 
we refer to [7], Proposition 3.2. We refer to |15) and [7] in general for further comparison of these 
types of off-diagonal estimates. 

One can show that the Davies-Gaffney estimates imply Lp' off-diagonal estimates for more general 
operator families associated to L. The proof of |42) . Lemma 2.28, carries over with only minor 
changes to our more general setting. 
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Proposition 3.11 Let L satisfy (JHTj) and pl2l) . Let a G (w, f ), V^ ^ ^q,/3(5^°) for some 
a, /3 > 0. Then, for any ip G H°°{Tj^), the family of operators {Tp{tL)ip{L)}t>o satisfies L^ 
off-diagonal estimates of order a, with the constant controlled by H'/'ll^oo/go)- 

The following almost orthogonality lemma is a slight generalization of |42) . Lemma 4.6. 

Lemma 3.12 Let a G {u, f ), a, f3 > and i; £ ^„,/3(S°). Let further 6 > and ip £ i?°°(S°) 
with ip{z) = 0{\z\ ) for \z\ — t- 0. Then for any a > with a < 5 and a < (5, there is a family of 
operators {Ts^t}s,t>Q such that 

^{tL)i){sL)= r-\ Ts,t, s,t>0, 

where {Ts^t}s.t>o satisfies L^ off-diagonal estimates in s of order a -\- a uniformly in t > 0. 

Proof: Let ip, ip as given in the assumptions and let s,t > 0. For every a > with a < 6 and 
a < /3 we write 



ip{tL)ijisL) = ( -j (tL)"V(tL)(sL)'^V(s^) = ( - ) Ts,t 

with Ts^t '■= {tL)""" Lp{tL){sL)°"ip{sL) . Since we assumed 5 > a and Lp G H°^{J1^), there exists a 
constant C > such that for every z G S[^ with \z\ < 1 there holds |z~"(/3(z)| < c|z|~" \z\ < C 
and, obviously, for every z £ T}^ with |2;| > 1 also |2;~''99(z)| < C. Hence, the function z i— )■ 
z-"v?(z), z G E°, belongs to i?°°(S°) with 



sup||(t-) V(t-)||^^.2'n 



< c. 



i>0 



As the function z i— >■ z"'tp{z) is in ^Q+a^^_a(S^), Proposition 13.11] vields that {Ts^t}s,t>o satisfies 
L^ off-diagonal estimates in s of order a -\- a uniformly in t > 0. For a = the claim follows 
directly from Proposition 13 . 1 ll n 

We end with an observation on conservation properties of the semigroup. For a proof, we refer 
to 1311. Lemma 2.9. 



Lemma 3.13 Let L satisfy ([HT]), ([H2]) and let a £{oj,^). 

(i) Let 7 > ^- T'or every hall B <^ X there exists some constant Cb > such that for all t > 



^-tL- 



< CBt^. 
L'^{B)^L^{X\iB) 



In particular, one can define e *^ via duality as an operator from L°°{X) to Lf^^{X). 
(a) Let a> 0, /3 > ^ and ip G ^^,a(S°). Moreover, let b G L°°{X). If for every t>0 

e-^^{b) = b inLl^{X), 

then for every t > 

i;{tL){b)=0 ^nLLW. 
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3.3 Hardy and BMO spaces associated to operators 

In the following, we will always assume that the operator L satisfies the assumptions (jHip and 
pT2l) and that a G (w, f ). 

We summarize the most important facts about Hardy and BMO spaces associated to L. For 
more details and proofs of the results, we refer to |41| . |42| . |IJ9| and |26| . The proofs given there 
carry over with only minor changes to our more general setting. 

For V e ^(S°) \ {0} and (x, i) G X x (0, oo) we set Q,p,Lf{x,t) := ^{t^'^L)f{x). 

Definition 3.14 (i) Let 1 < p < 2 and let V'o G ^(^^a) ^e defined by V'o(-z) := ze~^ . Define 
H^(X) to be the completion of the space 

MliX) := {/ G L\X) : .^Q^^if G LP{X)}, (3.14) 

rai/i respect to the norm ||/||^p ^^x) '■= \\-^Q^o,Lf\\LP{x) = ll<9^,L/llrp(x) ■ 

(ii) Let 2 < p < oo. Define H^{X) := {H^* i^))' : where ^ + ^ = 1 CL^d L* is the adjoint operator 
ofL. 

Observe that H'j^{X) = L^(X) by (jHip and known square function estimates. 

In both cases, for p < 2 and for p > 2, there is a characterization of H^{X) by general square 
functions constructed via functions ip G 'I'(S|^) \ {0} with a certain decay at infinity and at zero, 
respectively. For a proof, we refer to Corollary 4.21 of 



Theorem 3.15 Let a > and 13 > ^. Further, let either 1 < p < 2 and il^ e ^„,/3(E°) \ {0} 
or 2 < p < oo and if) G ^^^a(S|^) \ {0}. Define H^ l{^) ^o be the completion of the space 

Ml^iX) := {/ G L\X) : ^Q^^Lf G L^iX)}, 

with respect to the norm \\f\\fjp /x) ■~ W-^Q^^LfW^p/x) ■ Then H^[X) = H^^{X), with equiva- 
lence of norms. 

Next, we recall the definition of the space BMOl{X). One first defines a space £m{L) in such a 
way that for every / G £]\f{L) there holds (/ — e^'s"^)^ f G L^q^(X), and therefore the expression 
in ()3.16p is well-defined. 

Definition 3.16 Let e > 0, M G N and let (p G 7^(L*^) C L'^{X) with (p = L^' v for some 
V G T){L^'^). Introduce the norm 



M^'^'-iL) ■■= sup 



2^'V{2^Bo)^/^J2\\^'''^ 



M 



k=0 

where Bq is the unit ball centered at with radius 1 (cf. Section \2.1\) . and set 

Ml'^^'^'^L) := {0 G 7^(L^0 : ||0||^i,2,m.(^) < oo}. (3.15) 

One denotes by {Mq ' ' (L))' the dual of Mq ' ' (L). For any M G N, let £m{L) be defined by 

£M{L):=f]{Ml''^''^'{L*)y 
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,1,2, M,e, 



Remark 3.17 Let A/ G N and e > 0. Then for every / G (A^g'^' ' (L*))' and every t > 0, one 

loc( 



can define (/ - e"*""-^)*^/ and (/-(/ + t^'^L)-^)^^ f via duality as elements of L^^^iX) 



Definition 3.18 Let M G N. An element f G £m{L) is said to belong to BMOl,m{X) if 



bmOl,m{x) '■- sup 



1 



2 



{I-e-'B '^y'^f(x) dfi{x)] <oo, (3.16) 



1/2 



Bcx \y{B) Jb 
where the supremum is taken over all balls B in X . 

One can then show the following duality result. For a proof, we refer to |26| . Theorem 3.23 and 
3.24. 

Theorem 3.19 Let M > ^. Then {HKX))' = BMOl*,m{X). 

In particular, the theorem yields that the definition of BMOl^m{X) is independent of the choice 
of M > ^. This leads to the following definition. 

Definition 3.20 The space BMOl{X) is defined by BMOl{X) := BMOl,m{X), where M G N 
withM>^. 

The relation of elements of BMOl{X) and Carleson measures can be described as follows. 

Proposition 3.21 Lei M G N, M > ^. Further, let a > 0, /3 > ^ and ^p e ^^,a(S°) \ {0}. 
Then the operator 

maps BMOl{X) -^ r°°(X), i.e. for every f G BMOl{X) is 

^i>,f ■■= |V'(* L)f{y)\ ^ (3.17) 

a Carleson measure and there exists a constant C^, > such that for all f G BMOl{X) 

\Wij,f\\c ^ C'V' \\f\\BMOL{X) ■ 
Conversely, if f £ £m{L) satisfies the controlled growth bound 

f \{i-(i+Lr^rf{x)\' ^^^^ 

/ -, — — 77 77 -, 77-^ — —dnlx) <oo 3.18 

Jx{l + d{x,0)y^V{0,l + d{x,0)) ^^ ' ^ ' 

for some e\ > 0, and if i'^p,f defined in (|3.17p is a Carleson measure, then f G BMOl{X) and 

WfWBMOUX) ^ C\\u^j\\^. 

For a special choice of ^, namely ip{z) = z e~^, the result is due to |41] . Theorem 9.1. In the 
generality as stated above, the first part of the result is due to |42| . Proposition 4.13. The second 
part is new and can be shown by combining the proof of |41) . Theorem 9.1 with Lemma 3.17 of 

m. 



The spaces Hf^{X) form a complex interpolation scale. For a proof, we refer to |42| . Lemma 4.24, 
where the authors reduce the problem to complex interpolation of tent spaces. 
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Proposition 3.22 Let L be an operator satisfying (jHip and ()H2p . Let I < po < pi < oo and 
< 6' < 1. Then 

[Hl%X),Hl\X)]g = Hl{X) where l/p = {I - e)/p, + 6 /p^, 

[Hl%X),BMOLiX)]e = Hl{X) where l/p = (1 - e)/po. 

The next result is a slight generalization of |41j . Theorem 3.2 and complements |13| . Theorem 
1.1. 

Proposition 3.23 Let M £ N, M > ^. Assume that T is a linear or a non-negative sublinear 
operator defined on L'^{X) such that T : L'^{X) — t- L^(X) is bounded and T satisfies the following 
weak off-diagonal estimates: 

There exists some 7 > ^ o-iT'd a constant C > such that for every t > 0, arbitrary balls 
Bi, B2 ^ X with radius r = t^l'^'^ and every f G L^{X) supported in Bi 

||T(I - e-*^)^(/)|L.(^^) < C^ (1 + '^^^^iEll^ztiy 11/11^,^^^^ , (3.19) 

||r(tLe-^)^^(/)||,,(^^) < C^ (1 + ^^^^iEllMiy" llJll^,^^^^ . (3.20) 

Then T : H\{X) — )• L^{X) is bounded and there exists some C > 0, independent of Ct, such 
that for all f e Hl{X) 

\\Tfh.^x)<CCT\\f\\nii^x)- 

Remark 3.24 If (|3.19p and (|3.2Up are satisfied for arbitrary open sets E,F C X, one only 
requires a decay of order 7 > ^• 

A sufficient condition and a detailed proof for the equivalence of H^{X) and LP(X) is given in 
|51| . Theorem 4.19. We refer the reader to a comparison with assumption (jHSp . 



Proposition 3.25 Let L satisfy (jHip . (jH2p . If for somepQ G [1,2), there exist constants C,c > 
such that for all x,y € X and all t > 



lB(z,tl/2m-)e l^(^^jl/2m-) 



LP0(X)^LP0(X) 



<CF(a;,ti/2m) (po pVexpf-/"- 



ct 

then 

Hl{X) = LP{X), Po<P<Po. 

For further relationships between H^(X) and LP{X) in the case of second order elliptic operators 
in divergence form, we refer to |42| . Proposition 9.1. 
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4 A r(l)-Theoreni for non-integral operators 

In this section, we state and prove our first main result, Theorem 14.81 We first fix our assump- 
tions on the operator T, clarify how, under these assumptions, the expressions r(l) and T*(l) 
can be defined and discuss Poincare estimates on metric spaces, that will be used in the proof of 
the main result. 

After statement and proof of Theorem 14. 8| which gives sufficient conditions for L^ boundedness 
of T, we explain how to extend T to Hardy spaces Hf^(X) for p ^ 2 and give necessary conditions 
for the boundedness of T on L?'{X). We then add a second version of the T(l)-Theorem under 
weaker off-diagonal estimates and apply this version to prove the boundedness of a paraproduct 
operator on Lp'{X). We finally present a possible approach towards a T(6)-Theorem. 
Throughout this section, we will always assume L to be an operator satisfying (jHip . ()H2p and 

(El. 



Let us fix our main assumptions on the operator T. 

Assumption Let a G (w, f ), and let a > 1 and /3 > ^ + [^] + 1. 

Let T : V{L)r\TZ{L) -^ Lf^^i^) be a linear operator with T* : V{L*)mZ{L*) -^ -^L(^)' ""'hich 

satisfies the following off-diagonal estimates: 

(ODl)-y There exists a function ipi £ 'I'^^q(S^) \ {0}, some 7 > and a constant C > such 
that ipi{L) is injective and for every t > 0, arbitrary balls i?i,i?2 G X with radius 
r = t^/2'" and every / G L^(X) supported in Bi 

(distfR 7? N2m\ ~7 
1 + — ^ '; " ) WfWmB,)- (4.1) 

(OD2)-), There exists a function -02 G ^fs,ai'^a) \ {0}i some 7 > and a constant C > such 
that ip2{L*) is injective and for every t > 0, arbitrary balls B\,B2 G X with radius 
r = t^'^"^ and every / G L?'{X) supported in Bi 

\\T*UtL*)f\\,.^s,^ <c{l + ^^^^(EllMl^ " 11/11^,^^^^ . (4.2) 



Whenever we say that a linear operator T satisfies (ODl)^ or (0D2)^ , we mean that T satisfies 
(j4.ip or ()4.2p . respectively, for a^a,(3,ipi,ilj2,C as specified above. The parameter 7 > will be 
specified in each situation separately. 

The assumptions that tpi{L) and ip2{L*) are injective are only used to define T(l) and T*(l) in 
an appropriate way. If in applications it is clear how to do this, then the assumptions can be 
omitted. In that case, one can also relax the assumptions a > 1 and /3 > ^ + [^] -|- 1 to a > 
and /3 > ^. 

4.1 Definition of T(l) and r*(l) 

Before we can state our r(l)-Theorem, we first have to clarify how to understand the expressions 
r(l) and r*(l) for a linear operator T : V{L) n 7^(L) -^ L^^iX) with T* : V{L*) n 7^(L*) -^ 



Lf^^[X), that satisfies (0D2)^ and (ODl)^, respectively, for some 7 > ^. We confine ourselves 



to the definition of T*(l). How to define T(l) will then be obvious. We emphasize that this 
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problem has not been addressed in [TT] . 

The first observation is a simple consequence of Remark 13.31 If T : T>[L) n 'R-{L) — > L^^^(X) is 



a linear operator that satisfies (ODl)^ for some 7 > ^, then ipi{tL*)T* {1) can be defined via 
duality as an element of Lf^^{X), i.e. {il)i{tL*)T*{l),Lp) := {l,Til)i{tL)Lp) for ah Lp £ L'^{X) that 
are supported in some ball B <^ X. 
We then define a space Y^'^{L) that will replace the space A4q ' '^{L) defined in (|3.15p . 

Definition 4.1 Let e > and let a > 1 and /3 > ^ + [^] + 1. Let ^ £ ^p^^i^^a) \ {0} such 
that ip{L) is injective. We define 

Y^'^L) := {^ = ^{L)b : b G L^{X), lim2^^V{2^Bo)'/^ MlHSABo)) = 0}' 
with the norm given by 

My.^^^L) ■■= sup \2^'V{2^Bo)'/' MlHs,(Bo)) 

In addition, we define 

Y^'%L) := {(P = ^P{L)b G Y^'%L) : supp6 C B for some ball B C X} 
and 

£^{L) := []{Y^'%L*)y . 

e>0 

Remark 4.2 For every ip G "^{T,^) as specified in Definition 14.11 and every e > 0, the space 
Y'^''^{L) is a Banach space and Yc'^{L) is a dense subset of Y^''^{L). Moreover, the following 
inclusion holds: 

Let M G N with M > ^. Let further a > 1, f3 > ^ + M and ip e ^/3,a(S°) \ {0} such that 
'tp{L) is injective. Then for every e > with ^ < /S — (M + ^) 

The result is also true for functions Tp G *I'(S|^) with z i— t- z~^'^ip{z) G H°°(Tj^) such that the 
family of operators {{tL)~ 'ip[tL)}tyo satisfies Davies-Gaffney estimates. In this case, the inclu- 
sion is valid for all e > 0. 

For the proof, let cp G Y'^'^{L), where (p = ip(,L)b for some b G L'^{X). Since /3 > ^ + M, there 
obviously holds cp G TZ{L ). In addition, we have to show that ||0||^i,2,A/,e,rN < oo (see ()4.2p 
below for a definition of the norm). First, observe that 

oo 

WHlHx) < E W^Wl^sabo)) < CeV{Boy'/^ Mv^.i^L) (4.3) 

i=o 

for some constant C^ > only depending on e > 0. Moreover, observe that for every k = 
0, 1, ... , M, the function z i— )■ z^^^'^~^>ip(z) is an element of '^i3-M,aO-'a)- Thus, Proposition 13. Ill 
yields that the operator family {{tL)~^ ' Tp(tL)}tyo satisfies off-diagonal estimates of order 
/3 — M. Let us now write b = 1_r.6 -|- 1(^,)c6 with 

Rj = 2^+^Bo, if j = 0,1, 2, 

Rj = 2^+^Bo\2^~^Bo, if j = 3,4,.... 
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For every k = 0,1, . . . ,M and all j G Nq, we obtain due to the boundedness of L ^^^ ^>ip{L) on 
L\X) 



L-^^'-^^{L)lR^h 



LHS,(Bo)) 



< \\b\ 



L\R,) 



< 2-^'V{2^Bo)-'/^ 



Y^'^(L) 



(4.4) 



where in the last step Rj is splitted into four annuli. On the other hand, the off-diagonal estimates 
for {{tL)-'^^^-''^{tL)}t>o, ^M and the doubling property ^J^) yield 



L"(*^-'=)V(i)l(i?,)=6 



c\2m\-W-An 



LHSjiBo)) 



<{l + dist{S,{Bo),{Rjrf"') 



iLHRjr 



Y^'^{L) ■ 



(4.5) 



We therefore obtain from ()4.4p . (|4.5p and the assumption ^ < f3 — (M + 5^) 



Ml-^'^'-^L) - sup 



M 



2^'V{2^Bo)^/^Y,\\^~ 



(M-k) 



^{L)b 



fc=0 



L2(5,(Bo)) 



< sup 2^'= (2-^'^ + 2-2™(/3-(A/+3^))i 



yV',e(L) ~ 



yP'^iL) 



Since Davies-Gaffney estimates imply off-diagonal estimates of any order, the second case is then 
obvious. 

Let us now define T*(l) as an element of £^^{L*) in the following way. 



Lemma 4.3 Let T : T){L)r\TZ{L) — t- L^^^^X) be a linear operator that satisfies (ODl)^ for some 
7 > ^. Then T*(l) can be defined as an element of 8^^{L*) by 



(T*(1),0) := hm {ML*)T*{tB{^,R)),b) 



(4.6) 



^01 ,e 



for every cj) G Y^ (L) with cj) = Tpi{L)b and every e > 0. 



In the same way, one can then also define T(l) as an element of £^^[L) under the assumption 
that r* : V{L*) n 7^(L*) -^ LL(^) satisfies [{dmD for some 7 > ^. 



Proof: Let 7 > ^- The assumption (ODl)^ yields, according to Remark 13 .31 the following 
estimate: There exists some constant Ct > such that for every ball i? in X with radius r^ > 
and every / G L°°{X) 



V{Br^l^ ||V'i(r|rL*)r*(/)||^,(^^ < Ct VW^^^x) ■ 



(4.7) 



As mentioned before, the left hand side of ()4.7p is well-defined via duality. With the help of the 
above estimate, we can now define T*(l) as an element oi 8^^{L*) = ne>o(^'^^'^(-^))' ^s follows. 
Let e > 0. We define for every i? > a linear functional Iji on Y^ (L) by setting 

^M</.):=(^i(L*)T*(lB(o,K)),fo) 
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for every (p = ipi{L)h E 1^ (L). Observe that (-r{(I)) is well-defined, since b is supported in 
some ball of X and '0i(L*)T*(l5(o,R)) i^ '^i^ duality defined as an element of L'^^^{X). Using the 
definition of || . Hyi/^i.e/^.) ^^^ (|4.7p . we obtain 

oo 

j=0 

oo 

i=o 

where the implicit constants are independent of i? > 0. Thus, supjij^g l^i?('^)l ~ ^T \\4'\\y^i-^(L) ■ 
Following the estimates in (|4.7p and ([5]), we can moreover show that {iR{4>))R is a Cauchy sequence 
for every cj) £ 1^ (L). Hence, lim.R^oo^Ri'P) exists. Since Yc (i) is dense in Y^^'^(L) and 
e > was arbitrary, we can now define T*(l) G S^^{L*) by (|4.6|) . n 

4.2 Poincare inequalities 

For the proof of our T(l)-Theorem, we require some kind of Poincare inequality. We follow the 
approach of Hajlasz and Koskela in |36| and |37) . who give generalizations of Poincare inequalities 
and Sobolev spaces on metric spaces. Our basic tool will be the following definition, which is 
taken from Chapter 2 of |37) . 

Definition 4.4 Assume that u G L\^^{X) and a measurable function g > satisfy the inequality 

^^l^\u{x) - {u)b\ dfi{x) < CpTB (^y^^j^^g{xYd^L{x)^ , (4.8) 

on each ball B in X , where rs is the radius of B and p > 0, X > 1, Cp > are fixed constants. 
We then say that the pair (u, g) satisfies a p-Poincare inquality. 

Remark 4.5 If u G Lip(M"), g = |Vu| and p > 1, then (|4.8p is a corollary of the classical 
Poincare inequality 

{yl^)l^\^i^)-(^)Bfdx^ \c{n,p)rB(^-^^l^\Vu{xrdx^ \ (4.9) 

It is therefore natural to consider a pair (u, g) that satisfies a p- Poincare inequality as a Sobolev 
function and its "gradient". We refer to |37| for a survey on the topic and examples of pairs (u, g) 
on certain metric spaces that satisfy a p-Poincare inequality. 

Let us formulate the required assumption. 

Assumption Let L satisfy ([HT]), ^^ and (fH3|) . 

(P) Assume that for every / G L?'{X) there exists a measurable function g : X x (0, oo) — t- C 
such that 

(i) for all t > there holds gt := g{.,t) > 0, and the pair (e~* ""^f^gt) satisfies a p- 
Poincare inequality of the form (|4.8p for some p < 2 and with constants A > 1 , Cp > 
independent of t and /; 
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(ii) for all t > there holds gt G L'^{X), and there exists a constant C > independent 
of / with 



dt 



+2 II ||2 "'' ^ ,^ II ^l|2 

* \\9t\\L'^(X) Y II/IIl2{X) • 

(P*) Assume that ([P]) holds with L replaced by L* . 

Remark 4.6 U X is the Euclidean space M", then the Poincare inequality is automatically 
satisfied for the pairs (e"*""^/, |Ve-*""^/|) and (e"*""-^*/, |Ve-*""^*/|), see e.g. [32], (7.45). 
In this case, (ii) is just the assumption that the vertical Littlewood-Paley-Stein square function 
is bounded on L^(]R"'). For elliptic second order operators in divergence form, this can easily be 
shown with the help of the ellipticity condition, see e.g. [2], Section 6.1. In general, (ii) is fulfilled 
whenever the Riesz transforms VL~^'^™, V(L*)~^'^'" are bounded on L^(]R"), since then 



Jo i2(K") t Jo 



2 (k ^ 

L2(R") t ~ 



2 

L2(R") 



and the analogous estimate for L* hold due to quadratic estimates, see ()2.13p . 
Let us reformulate the assumptions ([P]) and ()P*|) also for another case. Let X be a complete 
Riemannian manifold, with the Riemannian measure fi on X satisfying the doubling property 
(j2.ip . and let V denote the Riemannian gradient. To obtain (i) of (JP]), it is sufficient to assume 
that a 2- Poincare inequality of the form (|4.9p holds (with the Lebesgue measure replaced by /i). 
One can then again choose the pairs (e~* " /, |Ve~* " /|) and (e~* *" /, |Ve~* "" /|). This 
is due to a certain self-improving property of Poincare inequalities on Riemannian manifolds, 
stating that the interval of all p that satisfy a p-Poincare inequality, is open. We refer to |45) for 
details. Sufficient for (ii) is, as for the Euclidean space, that the mappings / i— t- IVL^^'^*"/! and 
/ ^ |V(L*)-V2my| g^^g bounded on L'^{X). 

The following theorem is a simplified version of |37| . Theorem 3.2. 

Theorem 4.7 Assume that the pair {u,g) satisfies a p-Poincare inequality (|4.8p for some p > 0. 
Then there exists some constant C > such that 

\u{x) - u{y)\ < Cd{x, y) {Mpg{x) + Mpg{y)) 

for almost every x,y G X. 

4.3 Main theorem 

We are now ready to state our main theorem. 

Theorem 4.8 Let L be an operator satisfying the assumptions (jHip . ()H2p and ()H3p . Addi- 
tionally, let the assumptions ([P]) and ()P*P be satisfied. Let T : 'D(L) n TZ{L) — )• Lf^^{X) be a 



linear operator with T* : P(L*)n7^(L*) — )• L^^^(X), which satisfies the assumptions (ODl)^ and 
(0D2)^| /or some 7 > ^^^^ and let T{1) G BMOl{X), T*(1) G BMOl*{X). 



Then T is bounded on L (X), i.e. there exists a constant C > such that for all f G L (X) 

\\Tfh.^x)<C\\fh2^x)- 
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Let us sketch the main idea of the proof. 

First, we approximate T by operators associated to L, namely, we write with the help of a 

Calderon reproducing formula for f,g £ Lp'{X) 

{Tf,g)= / {Mt'"'L)TMs''^L)Ms'^L)f,Mt'"'L*)g)^-. (4.10) 

Jo Jo t s 

We then decompose the operator T for each t > 0, at least formally, in the following way: 

= T{I - e-*''"^) + [Te-*""^ - r(l) • Ate"*""^] + r(l) • ^^6"*""^ (4.11) 

This can be understood as a splitting of the operator into the "main term" or "principal part" 
jig-t ""L g^j^^ ^Yie "error term" T(/ — e~* '"^). The main term is then further decomposed into 
the term in the squared brackets, which is handled via Poincare inequalities and the term 
T(l) • Ate~^ '"^, which can be estimated by application of the theory of paraproducts and use 
of the assumption T(l) G BMOl{X). The idea of such a decomposition is taken from |10j and 
|44| . In the case t < s in (|4.10p . the error term can easily dealt with via almost orthogonality 
arguments and quadratic estimates. For t > s, one argues via duality and uses the assumption 
r*(l) eBMOL'iX). 

The boundedness of the occuring paraproduct operator on L^(X) has been shown in |31j . Theorem 
4.2. 

Theorem 4.9 Assume that L satisfies ([HT]), ^^ and (fXTOj) of ([23]). Let a > 0, (3 > ^ and 

let i) G */3,a(S°) \ {0}, V^ G ^{^D \ {0}. Then the operator Yib,L, defined for every f G L'^{X) 
and every b G BMOl{X) by 

/•OO JJ. 

I^bMf) := / Ht^'"L)m^^L)b ■ ^i(e-*'"'V)] -, (4.12) 

Jo ^ 

where At is the averaging operator defined in (j2.10p . is bounded on Lp'[X). I.e. there exists some 
constant C > such that for every f G Lp'{X) and every b G BMOl{X) 

\\^bAf)\\LHX)<CmBMOUX)\\f\\L^X)- 

Analogously, if L satisfies ([HT]), ([22]) and (fXTT]l of JHH]), then for every b G BMOl'^X) the 
operator Hb^L* is bounded on L'^{X). 

For the treatment of the term in the squared brackets in (|4.1ip . we use the following proposition. 
The idea is taken from |10) . Proposition 5.5. 



Proposition 4.10 Assume that ([Pj holds. Let {St}t>o be a family of linear operators on L'^{X) 
that satisfies weak off-diagonal estimates of order 7 > "'"'^ ^ . Then there exists a constant C > 
such that for all f G L'^{X) 



/■OO 

/ St.^e-''-^f-St.Al).Ate~''-^f 
Jo 



-<C\\f\\l2(x^ 
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Proof: Let / G L?'{X). The assumption (i) of ([P|) yields for every t > the existence of some 
function gt € L?'{X) such that the pair (e~* f,gt) satisfies a p-Poincare inequahty for some 
p < 2. If we can show that there exists some C > 0, independent of t and /, such that 



5^2™ e"* '^f-St2m{l)-Ate 



-t^^L 



LHX) 



<Ct^\\9t\\i2 



(X) 



(4.13) 



then the assertion of the lemma is a consequence of assumption (ii) of ([P]) . 

Let t > be fixed and abbreviate u := e~* /. To apply the weak off-diagonal estimates on ^j, 
we decompose X with the help of Lemma 12.11 into "cubes" of "sidelength" approximately equal 
to t. That is, with the notation of Lemma EJl let ko € Z he defined by Ci6''° < t < Ci5''°~^ 
and write X = IJaP/ Qa^ where the equality holds modulo null sets of ij.. By Lemma l2. II we 
further know that for every a G /^p there exists some z^° G X such that 



S(4^Clt)CQ^oci?(4o,i) 



(4.14) 



for some ci G (0, 1) independent of t and a. Moreover, observe that the averaging operator At 
is, by definition, constant on each "cube" Q^". We therefore get 



\St2mU — St2m{l) ■ AtU\\^2/X] ~ Z^ \\St2mU — St2m (1) ■ AtU\\ 



a<^h 



L^Qa") 



^ S't2™(u- (n) fco) 



a&Ik 



lhq'S') 



< 



< 






E E 

2rn\ -7 



St2mt ko{u- (U) ko) 
W Wcy. 



l^qI") 



Observe that due to (|3.6p and 7 > ^ 

sup 5Z (l + 



^ - {u)^^) 



l2{q';o) 



(4.15) 



dist(^»,^ff)=^' "^ ^ 
^2m 



<1. 



1.16) 



The Cauchy-Schwarz inequality then yields that the expression in (|4.15p is bounded by 



EfE(-^^^%?^)1fE 

ae/fco V/36/fco ^ ^ / V/3G/fco 



E ^^ 



dist(S„,S;3) 



2m \ -7 



^2m 



^ - {u)n''o 



s E E (i - ^^^^^^1^) 



2m \ -7 2 



The term 



LHQg°) 




u - (^)QfcO 



is now handled via the assumed p-Poincare inequality for the pair 
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{u,gt). Due to the Cauchy-Schwarz inequality and Theorem 14.71 we get 



u - (^i)^fco 



< 



< 



i^W'") 



Q^° 



u{x) - (u)^feo d/i(x) 



Q^" V^(Q-)^Q^" 



|u(x) -ti(y)| d/i(y) dij,{x) 



1 



< 



1 



a ) ^Q«« ^Qfo 



|u(2;)-u(y)| dn{y)dfi{x) 



ViQS') Jq'I'^ JqI^ 



d{x, yf[Mpgt{x) + Mpgt{y)f dn{y) d^i{x) 



Note that for x G Q^" and y G Q^o there holds d{x,y) < t{l + dist(Ba,B^)/t) due to (gH]). 
Moreover, the doubling property ()2.2p and ()4.14p yield that 



^(Q'°) < / ^dist(i?,,i?^ 



D 



Taking these considerations into account and plugging (|4.18p into (|4.17p . we end up with 



\St2n.U-St2rnil)-AtU\\l2^j^)< ^ ^ V^~ ^^ / 

-2m7+2 



2m \ -7 2 



i^w;") 






[7Wp5i(3;)]2(i^(x) + 



2m7+D+2 



[7Wp5j(y)]2c?/x(y) 



^2 y^ y- L I dist(^a,^ff) \ 



aG/fc(, /3e/fc,j 



Q^» 



q'° 



<i2 



777 Joy .~7 Jo° 



peiko " ^/5 



oG/fep 



*^ll-^p5t|lL2(x) ^t^htWl^^x) 



(4.19) 



where we used ()4.16p with the assumption 7 > "2m ' ^^^ disjointness of the "cubes" and the 
boundedness of Aip on L?'{X) for p < 2 in the last three inequalities. This shows (|4.13p . which 
in turn finishes the proof by assumption (ii) of ([P]) . □ 

The next lemma gives a certain kind of almost orthogonality for operators constructed via i^°°- 
functional calculus. The first part is a corollary of Lemma 13.121 the second part is a simple 
modification of the arguments given there (observe that the roles of s and t are interchanged) . 
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Lemma 4.11 Let a,/3 > and let ip £ ^^^q,(S^). There exists a constant C > such that for 
every s,t > 



(I- 



-tL 



)'0('5-C')/||^2(x)^L2(x) 



<c - 



min(o,l) 



and 



-tL 



(S\l^ 



Now, we are ready to prove our main theorem. 

Proof (of Theorem SS]): Let f,g<£ L'^{X). Let a > 1, /3 > ^ + [^] + 1 and let '0i,V'2 S 
^^^o,(S|})\{0} as given in the assumption. Corresponding to the functions -01,-02, we choose func- 
tions -01,^2 S ^I'(S°) such that J^ ipi{t)'4}i{t) y = 1 and /q°° V'2(i)V'2(i) ^ = 1 and decompose 
both / and g with the help of the Calderon reproducing formula. That is, we write 



{Tf,g) 



{Mt'"'L)TMs'"'L)Ms'"'L)f,Mt'"'L*)9) 



dt ds 



'0 JO 

and show that the right-hand side is bounded by a constant times ||/||j;^2(y) llsllL^fx)- ^^ ^^^^ 
way, T extends to a bounded operator on L?'{X). 

For the proof, we split the inner integral into two parts, one over {t G (0,oo) : < i < s}, called 
Ji, and the other one over {t G (0,oo) : s <t < oo}, called J2. We observe that for the second 
part J2, Fubini's theorem yields 

J2= / / \Mt^"'L)TMs'"'L)Ms^^L)f,Mt^^L*)9)'^*'^' 



t s 

Jo ^ ■^ 

The last line equals Ji with T replaced by T*, L by L* and the roles of -0i,-0i and ip2,'^2 
interchanged. Note that all our assumptions are symmetric with respect to T,T* and L,L*. 



Moreover, instead of the weak off-diagonal estimates for {Tipi{t L)}t, assumed in (ODl)^ we 



can take into account the analogous estimates for {T*ip2{'t^"^L*)}t, assumed in (0D2)^ Thus, it 
will be sufficient to study only Ji. Once we have proven this part, the estimate for J2 will follow 
by duality. In the following estimate for Ji, we will always assume < t < s. 
As described in (j4.1ip . we decompose T into the two parts Te~* ""^ and T(/ — e~* '"^) for every 
t > 0, which leads to 

'{Mt'"'L)TMs'"'L)Ms^^L)f,Mt''^L*)g)'^*'^' 



J^ 



^0 

00 



Jo 



t s 

{Mt''''L)Te-'''^^Ms'"'L)Ms'^-L)f,Mt^--L*)9)^- 

t s 



+ I I {Mt'"'L)T{I- 
'0 Jo 

-: Jm + Je- 



-t'^"^L\ 



)Ms'"'L)Ms'"'L)f,Mt'"'L*)9) 



dt ds 



(4.20) 



Let us first turn to the estimation of the error term Je, the main term Jm will be treated below. 
Due to assumption (0D2)^ , with 7 > ^, and Lemma [3. 11 {ip2{t^"^ L)T}t>o is uniformly bounded 



on L (X). Combining this with Lemma |4. 1 II vields 



i^2{t''^L)T{I 



-t^^'^L 



)Ms''^L) 



< 



L2(X)^L2(X) 



j2m \ min{a,l) 
(,2m / 



(4.21) 
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We can therefore estimate Je with the help of the Cauchy-Schwarz inequahty by 



\Je\ < 



< 



< 



{Mt^^L)T{I-e 

^0 
oo fs /+2m \^ min(o,l) 



Jo 

oo rs 



,2m 



■ 






dt ds 



LHX) 



Jo 



^2m \ mm{a,l) 
o2m 



1/2 



dt ds 

L2(X) t S 



Ms'"'L)f 



2 dtds 

L2(X) t S 



Jt 



oo /^2m\ min(o,l) 



,2m 



Mt'"'L*)g 



2 dsdt 

L2{X) S t 



1/2 



(4.22) 



where we also used Fubini's theorem in the last step. By substitution of n = ^, one easily 

observes that / I - I — = 6~ for every 5 > 0. Since the operator family {'tpi(sL)}syo 

Jo \sj t 
satisfies quadratic estimates, see (|2.13p . the first factor in the last line of ()4.22p can therefore be 

bounded by 



oo ^s / j.2m \ 

, r,2m / 
^0 ' -^ ' 



2m \ min(Q!,l) ^ 



\ 1/2 



L2(X) t S 
S 



LHX) 



(4.23) 



f°°/t\ ds 
Changing the roles of s and t and using that / I - I — = 6~ for every 5 > 0, we get the 

Jt \sj s 
analogous estimate for the second factor in (j4.22p and in summary 

l^i^l<ll/ll.,2,;,,||5||,2,;,,. (4.24) 



L2(x) \\9\\l^(X) ■ 

To estimate the main term Jm, we use the extended decomposition in ()4.1ip of Te~* '"^ into the 
two parts [Te~* '"■^ — T(l) • Ate~^ "^^] and T{1) ■ Ate~^ '"^. At the same time, we withdraw the 
decomposition of the function / by the Calderon reproducing formula at scale s. To do so, we do 
not consider Jm itself, but the same expression, now called J^j, with both paths of integration 
over the whole interval (0,oo). This leads to 



7^0 



oo />oo J J^ 

JO ^ '^ 

oo Jj. 

2m. T \rr -t^"^ L f J, /.2m^*^ ' "'' 



{Mt'^L)Te-' ^f,i;,{t'-^L*)g)- 







t 



oo JJ. 

t 

CO ^j. 

2mr^^^/1^ A „-t^™L .c J. u2mr*\ ' "'' 



+ / {Mt'"'L)T{l)-Ate-' ^f,^^{t'-^L*)g)- 

10 t^ 

=:Jli + Jli. (4.25) 

The term J^.^ is exactly the paraproduct defined in ()4.12p . i.e. j\.^ = (^T{i),L{f)^g)i with the 
functions ip^ip replaced by 'tp2,'ip2- Recall that we assumed in (0D2)^ that ip2 G ^/3,a(S^) for 
some a > and /? > ^, and moreover assumed r(l) to be an element of BMOl{X). Thus, 
^T(i),L is bounded on L?'{X) due to Theorem 14.91 and we obtain the estimate 



\-hl\ ^ ll^(l)llBA/Oi(X) II/IIl2(x) II5'IIl2{X) • 



1.26) 
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It remains to find a bound for j|,j. But the major part of this estimate was already done in 
Proposition 14.10] by application of the assumed Poincare inequalities ([P]). Thus, if we set S'^2m := 
ip2{'t'^"^ L)T and take into account the assumption (0D2)^ with 7 > ""'2^^ ; then Proposition 
I4.10[ in combination with the Cauchy-Schwarz inequality, yields 



\JI 



M\ 



< 



< 



i^ 



L2(x) t 



Mt''^L*)g 



2 dt 

L'^iX) t 



1/2 



L2(X) II5'IIl2(j^) 



(4.27) 



where we also used quadratic estimates for the operator family {tp2{tL*)}t>o in the last step. 
Let us finally observe what we did wrong by considering J^j instead of Jm- The combination of 
(|4.26p and (|4.27p provides us with the estimate 

\Jm\ < (lini)llBA/o,(x) + 1) WfWmx) MlHx) ■ (4-28) 

On the other hand, we have Jm = Jm ~ ^R^ where the remainder term Jjj is defined by 

dt ds 



Jr.-- 



00 roo 







{Mt''''L)Te-''"''^Ms'"'L)Ms^^''L)f,Mt^'''L*)g) 



t s 



This term can be handled in analogy to the treatment of Je, replacing the estimate ()4.2ip by 

g2m\P 



V^2(r"i)re-*^^i(s^™L) 



L2(x)^L^x) ~ yt"^"^ J 



which again holds uniformly for all s,t > according to Lemma [4.111 and the uniform boundedness 
of {Tp2(t'^"^L)T}tyQ in L'^{X). Together with the Cauchy-Schwarz inequality, the above yields 



\Jr\< 



00 roo 



-t^^L„ 



2m 



2m 1 



±2m T*\ 



{i^2{t'"'L)Te-' '^Ms'"'L)Ms'"'L)f,Mt''^L*)g) 



dt ds 



< 



00 />oo / 2m \ /^ 
+2m 



Ms'^'L)/ 



LHX) 



Mt''^L*)g 



dt ds 

L^iX) t S ' 



1.29) 



If we now handle the last line of (|4.29p with the same argument as used in (|4.22p and (|4.23p , we 
end up with 



I-^rI ^ II/IIl2{x) II5'IIl2{x) • 



(4.30) 



By combining (|4.24p . (j4.28p and (j4.30p . and repeating the same procedure for J2 and recalling 
the splitting {Tf,g) = Ji + J2 = Je + Jm ~ >^iJ + •^2> we finally obtain 



\{Tf,g)\ < [wnm^Moux) + \\T*imBMo,.ix) + ij ii/iIl2(x) Mlhx) ■ 

This proves the theorem. 



30 



4.4 Extension to H^{X) for p ^ 2 and necessary conditions 



If T satisfys off-diagonal estimates (ODl)^ and (0D2)^ and is bounded on L (X), then the ex- 



tension to Hardy spaces H^{X) for p 7^ 2 is almost immediate. Such a property is similar to the 
behaviour of C alder on- Zygmund operators, in respect of the fact that every Calderon-Zygmund 
operator, that is bounded on L^(X), is automatically also bounded on LP{X) for all p € (l,oo). 
We start with the following self-improving property of off-diagonal estimates. The proof is post- 
poned to Section 5. 



Lemma 4.12 Let ijj G \I'(S[^)\{0} and let T be a linear operator on L'^iX) such that {T^(tL)}t>o 
satisfies weak off-diagonal estimates of order 7 > ^ on L?{X). Let 5 > 7 and let ip G i7°°(S|^) 
with \ip{z)\ < \z\ for \z\ < 1. Moreover, assume that {Tip{tL)}t>o is uniformly hounded on 
L^(X). Then {Tip{tL)^t>Q satisfies weak off-diagonal estimates of order 7 on L'^(X). 

We then obtain the following. 

Corollary 4.13 Let L be an operator satisfying the assumptions (jHip and ()H2p . Let T : 



L (X) —7- L (X) be a bounded linear operator that satisfies (ODl)^ for some 7 > ^. Th- 
T extends to a bounded operator 

T : HliX) 

and T* extends to a bounded operator 

T* : LP{X) - 
T* : L°°(X) ■ 



len 



^LP{X), 

HliX), 
^ BM0l4X). 



1 <P< 2, 



2 <p <oo, 



One can obviously obtain the corresponding results for T*, L* in place of T, L, if one uses (0D2)^ 
To obtain boundedness results for T 



instead of (ODl)^ To obtain boundedness results for T : L^(X) — t- L^(X) 
to combine Corollary 14.131 with Proposition 13.251 Following the proof of 
one can moreover show that T extends to a bounded operator T : HJ^{X) 

r*(i) = 0. 



we refer the reader 
, Proposition 5.6, 
H^{X), whenever 



Proof: In order to show that T extends to a bounded operator T : HJ^{X) — )• L^{X), one com- 
bines Proposition l3.23l with Lemma|4?T21 Let M E N with M > 7. Observe that the operator fam- 



-tL\M 



}t>0 and therefore also {r(/- e~*^)*^}t>o, {T{tLe 



-tL\M 



} 
and 



t>0 



ilies{(/-e-*^)*^}i>o, {(tLe 

are uniformly bounded on L^[X). Thus, Lemma 14.121 yields that {T{L — e~ ) }j>o 

{T(iLe~*^)*'^}j>0 satisfy weak off-diagonal estimates of order 7. 

One then uses the interpolation scales for the spaces LP{X) and H^{X), see Proposition 13.221 

and obtains the boundedness of T : H^{X) — )• LP{X) for 1 < p < 2. Since Theorem 13.191 yields 

that {Hl{X)y = BMOL-iX) and the space Hl,{X) was defined as the dual space of H^{X) 

for 2 < p < 00 and — | — 7 = 1 (see Definition 13. lip , one finally gets the remaining assertions of 

the corollary via duality. n 

Remark 4.14 (i) The above results also contain the following necessary conditions for a non- 
integral operator to be bounded on L^(X): 
Let T : L'^{X) 

thenr*(l) e BMOl*{X). 
(ii) Using the relation between elements of BMOl{X) and Carleson measures, as described 
in Proposition 13.211 one can also formulate the assumption "T(l) G BMOl{X)^' in terms of 
Carleson measures. 



L (X) be a bounded linear operator. If T satisfies assumption (0D2)^ with 



"-, then r(l) G BMOl{X). Analogously, if T satisfies assumption (ODl)^ with 7 > " 



2m' 
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Remark 4.15 Let L be a second order elliptic operator in divergence form. For the Riesz 
transform T = VL^^'^ one can show that (ODl)^ is satisfied, cf. e.g. [6], |40j . |14| . However, if 



n > 3, (0D2)^ cannot be satisfied in general: 

Denote by {p-{L),p^[L)) the interior of L^ boundedness of {e~ }t>o- Then, as shown in 



Proposition 9.1, Hl{X) = LP{X) for all p £ {p_{L),p+{L)). If VL'^/^ would satisfy [(0D2) 



n 



then, according to Corollary I4.13| VL~^" would be bounded on L^(X) for p € [2,p^{L)). 
However, in [2] it was proved that p+{L) > -^^ and in [9], Theorem 4.7 (due to Kenig) it was 
shown that for every p > 2 there exists some second order elliptic operator in divergence form L 
with VL-^/2 j^Q^ bounded on LP{X). 

4.5 A second version under weaker off-diagonal estimates 



We give in this section a second version of Theorem 14.81 under weaker estimates than (ODl) 



n 



and (0D2)^ However, we assume in addition that the conservation properties e (1) = 1 and 



g-tL ^-|^^ = 1 in L'f^^(X) are valid and that T is a weakly continuous operator mapping from 
L'^{X) to L'^{X). The last assumption is stronger than the one in Theorem 14. 8 1 but one thinks of 
an application to some kind of "truncations" T^ of T with uniform L^ bound. See e.g. Theorem 
14.191 below for an example. The basic idea of the construction is taken from |11| . The proof, 
however, is completely different from |11| . as we cannot use pointwise kernel bounds. The result 
gives a positive answer to a question raised at the end of |11| . 

Theorem 4.16 Let L be an operator satisfying the assumptions (jHip . (|H2p and ()H3p . Addi- 
tionally, let the assumptions ([P]) and (|P*P be satisfied. Let a > 0, /3 > ^ and ^, ^ G ^^^a(S|^) 
with /o°°V'(*)V'(i) f = 1 and define cp £ H'^{T,°^) via 



iz):= I ^l^{Cm)J, ^eSO 



m 



'7z 

where jz{t) '■= ie*^''^^, t G {\z\ ,ck)). Assume that the operator family {<^(tL)}t>o satisfies off- 

±D± 
2m 



diagonal estimates of order 7 > ""'^ "*" and moreover, assume that 



cp{tL){l) = cj)itL*)il) = 1 m Ll,{X) (4.31) 

for every t > 0. 

Let T : L'^{X) — )• L'^{X) be a linear, weakly continuous operator such that {ip{tL)T(f)(tL)}t:>o 
and {Tp{tL*)T* cl){tL*)}t:>o satisfy weak off-diagonal estimates of order 7 > ^\^ and let T(l) € 
BMOl{X) andT*{l) £ BMOi-iX). 

Then T : L'^{X) — )• L'^{X) is bounded with a constant independent of the weak continuity param- 
eters ofT. 

Remark 4.17 Note that one can get off-diagonal estimates for {(/)(tL)}t>o in the following way. 
By splitting (t){z) = {(l){z) — e~^) + e~^ for z £ T,^, one can on the one hand take into account 
Davies-Gaffney estimates for the semigroup {e~^^}t>o- On the other hand, it is clear by definition 
that (j){z) — e~^ — >• for \z\ — )• and for \z\ — )■ 00. Proposition 13.111 then yields the existence of 
off-diagonal estimates for {(j){tL) — e~*^}j>o. 

With a similar reasoning, one can show that the assumption ()4.3ip is a consequence of the 
property e~*^(l) = e~*^*(l) = 1 in L'^^^{X). This is due to the fact that the latter implies 
'0(tL)(l) = ij{tL*){l) = in Ll^^{X) for every ^ £ ^/3,„(S°) with /3 > ^ and a > 0, see 
Lemma 13.131 
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The proof of Theorem 14. 161 is almost equal to the one of Theorem 14.81 The only difference is the 
replacement of the Calderon reproducing formula by the representation formula (|4.32p . which is 
a generahzation of a construction in |11| . 



Proof: We first observe that by definition of (j) there holds limt_j.o (/'(t) 
Since T is weakly continuous, we thus get by functional calculus 



1 and lim- 



t— >oo 



(t>{t) = 0. 



Tf = lim (j)'^{tL)T(j)'^{tL)f, = lim (j)'^{tL)T(p'^{tL)f, 



t^o 



t—>oo 



where the limit is interpreted in the weak sense in L'^(X). Again by functional calculus, we 
obtain from the above as a special form of a Calderon reproducing formula that {Tf, g) can be 
represented as 



{Tf,9) = { 






\tL) 



Tcp\tL){f) + cP\tL)T 



d_ 
di'^' 



\tL) 



/)?,.) 



(4.32) 



Once having handled the first summand in (j4.32p . in the following called J, the second one will 
work in the same way simply by duality. So let us have a more detailed look at the first part. 
By definition of (j) there holds z4>'{z) = tp{z)'4>{z) for z G S^. This yields due to functional 
calculus, 



tf^,HtL) 



dt 



dt 



T4>\tL){f) ^ = 2 / {tL)(t>'{tL)4>{tL)T<f\tL){f) 
^ Jo ^ 

f°° dt 

= 2 i;{tL)MtL)T^HtL){f)^, 
Jo f^ 



(4.33) 



where we set ipi{z) := 'ip{z)(f){z). We further decompose / with the help of another Calderon 
reproducing formula as 



/ 



°^ ~ ds 

s 



(4.34) 



taking into account the assumption J^ ip{t)ip{t) -j = I. The combination of the two equations 
(|05|) and (jCM]) then leads to 

J = 2 



* -s 



(4.35) 



Similar to the proof of Theorem 14. 8| we split the inner integral into two parts, one over the 

interval {t G (0, oo) : < t < s}, called Ji, and the other one over {t G (0,oo) : s <t < oo}, 

called J2. In contrast to the proof of Theorem 14.81 for lack of symmetry in (|4.35p we cannot 

handle J2 simply by duality, but it can be dealt with similar to the remainder term J/j in Theorem 

4:81 

Thus, let us first turn to J2. Lemma 13.11 and the assumed weak off-diagonal estimates yield 

that {ip{tL)T (j){tL)}t>o is uniformly bounded on L?'{X). Moreover, observe that by assumption 

2a N 



rt>o 
VK'^Jwy.',) _ 0(^|^|~ "~ ) for 1^1 — ). 00 and consequently, 4){z) = 0{\z\~'^'^) for \z\ — t- 00. Replacing 
e~^ by (t){z) in Lemma [4. 11 1 it is therefore easy to check that there exists some (5 > such that 



k(*''"^)V'(«''"^)/^IL^(X)-.L^(X) ^ ( 



g2m\ -5 
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uniformly in s,t > 0. With exactly the same arguments as in (|4.29p . we end up with 
°° '■°° dtds 



\J2\< 

'0 Js 



{ilj{t^"'L)T(l)'^{t^"'L)^P{s'^"'L)i){s'^"'L)f,Mt^"'L*)g) 



J— ^ II/IIl2(x) II9|Il2(x) 



To handle Ji, we apply for every t > the splitting 



representing the splitting of Ji into the main term Jm and the error term Je just as in ()4.20p . 



I.e. 



Jo Jo '^ ^ 



+ r r mt^"'L)T(P\t^"'L){I - e~'''^'^)i^{s^"'L)i;{s^"'L)f,Mt^""L*)9) "^^ "^^ 



'0 JO * ■S 

=: Jm + Je- 



The treatment of Je works analogously to (j4.22p . using the weak off-diagonal estimates for 



{■ip{tL)T(j){tL)}t>o instead of assumption (0D2).y and the uniform boundedness of {<j){tL)}t>o in 
L^(X). To estimate the main term Jm, we also aim to apply a paraproduct estimate and therefore 
write Jm = Jm + '^R with a remainder Jr that can be handled with the same arguments as in 
(10911 . and 

Jo Jo is 

OO Jj. 

{^{t^"'L)T(l)\t'^"'L)e~''"^^f - ^{f"'L)T(l)\t'^"'L){l) ■ Ate-''""^ f,Mt'^"'L*)g) — 
t 

/■OO Jj. 

Jo J^ 

in analogy to (|4.25p . Observe that the operator family {'>p{tL)T<p^[tL)}tyo satisfies weak off- 
diagonal estimates of order 7 > ^\^ due to the assumptions and Proposition 13.71 By taking 
assumption ([P]) into account, we can thus apply Proposition 14 . 1 Ol with St := 'ip{tL)T(f)'^{tL), which 
yields the desired estimate for J^^ just as in (j4.27p . We finally note that assumption (|4.3ip yields 

Jo ^ 

and J"^,^ can therefore be treated by Theorem 14.91 and the assumption r(l) G BMOl{X). □ 

4.6 Application to paraproducts 

We present an application of Theorem 14.161 to a special type of paraproduct operator (cf. also 
|11| . Section 4). We do this under more restrictive assumptions on L. Let again L be an operator 
satisfying (jHip . ()H2p and ()H3p . Additionally, let us assume the following. 



(H4) The operator e~^^ : L^{X) -^ L°°{X) is bounded uniformly in t > 0. 

(H5) For every t > there holds e-*^(l) = 1 in L°°(X) and e~*-^*(l) = 1 in L^^iX). 
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The assumption (jHSP in particular implies that ip{tL*){l) = in L'^^^{X) for every t > and 
every Tp G ^^^q(S|^), where /3 > ^ and a > 0, see Lemma [3.131 

Definition 4.18 Letai,f3i,a2,(32 > 0. Assume that tpi £ ^^j^ai(5^°)\{0} andip2 S ^/32,a2(^a)\ 
{0} and abbreviate if) := V'l ' V'2- For every f G L°°(X) and every g G L?'{X) we define the para- 
product 



Ilj{g) := r^{t^-L)[e-''-^g.e-''-^f\%. (4.36) 







If one would replace e~* "^ g in ()4.36p by ip{t^'^L)g for some -0 € ^(S|^), then the boundedness 
of tif on L?'{X) would be an immediate consequence of quadratic estimates due to bounded 
i^°°-functional calculus for L. In our case, we obtain the following. 

Theorem 4.19 Let L satisfy ()Hip - (|H5P and let the assumptions ([P]) and ()P*P be satisfied. For 
every f G L°°(X) let 11/ be the operator defined in (|4.36p with min(ai,/3i,a2,/32) > ^\rn~ ■ 
Then there exists some constant C > such that for every f £ L°°{X) and every g £ L^(X) 



n/(ff) 



< c 



L2(X) -^\\J\\L--iX)\\9\\mx) 



For the proof, let us first define suitable approximations of IIj. Let / G L^(X) be fixed. We 
define for every R> the operator Tr : L'^{X) -^ L'^{X) by 



i/R 
for every g G L?'{X). 



Tnig) := /'' Mt'"'L)lBio,R)Mt'"'L)[e-''^-^g • e-^'^^f] ^ (4.37) 

Jl/R t 



For convenience, let us set 6 := min(ai, /3i, 0^2, P2)- Let '(/' G ^^^^(Sj^) and choose (/) G i/°°(S|^) ac- 
cording to the assumptions of Theorem 14. 16i such that {(j){tL)}t>o satisfies off-diagonal estimates 
of order 5. One can show the following off-diagonal estimates. 

Lemma 4.20 Let f G L°°{X) and let R > 0. For every 7 with < 7 < 5 there exists some 
constant C > 0, independent of R > 0, such that for arbitrary open sets E, F in X, all g G L'^{X) 
with supp(7 C E and all f G L°°{X) 

1 + t ) ll^lli-W \\9\\lHe) ■ 

We postpone the proof of the lemma to Section [5j 

Proof (of Theorem l4^19p : We apply Theorem 14.161 to the approximation operators Tr de- 
fined in ()4.37p . First observe that due to the uniform boundedness of the operator families 
{ipi{tL)}t>Q, {V'2(ii)}i>o, {e"*-^}t>o on L'^{X) and of {e-*-^}t>o on L°°(X), every operator Tr 
is bounded on L'^{X) with the operator norm bounded by some constant depending on i? > 0. 
Using Lemma [3.4| we obtain from Lemma [4. 201 the required off-diagonal estimates for the opera- 
tor families {ip{tL)Tji(p{tL)}t>o and {il){tL*)T^(f){tL*)}t>o with constants independent of i2 > 0. 
It remains to check that 

sup \\Tr{1)\\bmOl(x) < °° ^^^ s^P 11^^(1) II BA/Oi.*(x) < oo- (4-38) 
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Starting with the first assertion, let us define for every h G Hj^t,(X) a function H by 

H{x, t) := ipi{f"'L*)h{x), (x, t)eX X (0, oo). 

Since ipi G ^^^^^(Sj^) with ai > ^, Theorem 13.151 yields that H £ T^{X) with ||ff H^-icj^n ~ 
II^IIh^ (XV Using that ^2 G '^(S2-a2i'^a) with /32 > ^, there holds on the other hand that the 
function F, defined by 

F{x, t) := V2(t^™X)e-*""^/(x), {x, t) e X x (0, 00), 

is according to Proposition 13.211 an element of T°°{X) with H-^Ht^oo/jij^-) ^ II/IIbmo (X)- ^^^ ^° 
the assumption e~ (1) = 1 and |30| . Proposition 2.5 (generalized to our setting), there actually 
holds L°°(X) C BMO{X) C BMOl{X) and therefore \\F\\j,a.(^x) - II/IIl°°(x)- ^gain taking 
into account the assumption e~*^(l) = 1 in L°°{X), we thus obtain 



Jl/R * 

rR jj. /■/? jj. 

= / {lBio,R)Mt''''L)e-'"'^f,Mt''''L*)h)-= / (l5(o,fl)i^(x,t),/?(x,i)>T- 

J1/_R T^ Jl/R ^ 

The duality of T'^{X) and r°°(X), cf. [JT], Theorem 1, then yields that 

\{TR{l),h)\ < ||F||^^(^) II^IIti(x) ^ II/IIl-{x) \\HHl,ix) > 

where the implicit constants are independent of R > 0. Due to the duality of Hj^^(X) and 
BMOl{X), see Theorem EH we finally obtain that rR(l) E BMOl{X) with 

sup||rR,(i)||^jv,^o .,,. < 



(X) rZ \\J llL°°(X) • 
i?>0 ^ ' ^ ^ 



Coming to the second assertion in ()4.38p . observe that il)i{tL*)[l) = in Lf^^[X) due to the 

loc( 



assumption e (1) = 1 in L'^^^{X) and Lemma 13.131 Thus, 



R j+ 



in L^(X) and therefore also in BMOL'iX). 



4.7 Towards a T(6)-Theorem 

In this section, we give a criterion, under which a T(6)-Theorem in our setting holds. 

Definition 4.21 A function b G L°°{X) is said to be accretive if there exists a constant cq > 
such that Iieb{x) > cq for almost all x £ X. 

We first state two auxiliary results, Lemmata 14.221 and 14.241 They represent the major changes 
in the proof of Theorem 14.261 below in comparision to the proof of the T(l)-Theorem, Theorem 
14.81 Their proofs are postponed to Section 5. 

For every b G L°°{X), we denote by Mf, the multiplication operator defined by M^/ := b ■ f for 
all measurable functions f : X ^ C 
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^{sL)M,^{tL)f ^^^_ < Cmin ( -, - ) ||/||i2(^) ||&||ioo(x) (4.39) 



Lemma 4.22 Let a,P > 1, 4^ e *^,a(S°) and let T : V{L) n 7^(L) -^ ^foc(^) ^^ '^ ^^^^ar 
operator such that the operator family {T'ijj{tL)}tyo satisfies weak off-diagonal estimates of order 
7 > 2^. Moreover, let b G L°°(X) and assume that there exist 5 > and ip G ^^^^^^(S^) for 
some ai > a and /3i > /3 such that f^ ip{t)ip{t) -j- = ^ and such that there exists some constant 
C > with 

for all s,t > and all f G L'^{X). Additionally, assume that there exists some Eq G (0, 1) such 
that eo/3 > 7 and (1 - £o)S > ^ + 7- 

Then the operator family {T Mi,'ilj{tL)}t>o > originally defined by (jS.lOp . satisfies weak off-diagonal 
estimates of order 7. 

Remark 4.23 If one replaces the weak off-diagonal estimates by off-diagonal estimates in Lemma 
14.221 one no longer needs the assumption 7 > ^. Also the assumption {1 — £q)6 > 2^+7 reduces 
to (1 — 60)5 > 7. The proof in this case follows the one of Lemma [4.221 (cf. Section 5), replacing 
the splitting of X into balls of radius i by a splitting into two complementary sets, as it is done 
in the proof of Lemma [3.41 and Lemma [4.241 below. 

Lemma 4.24 Let a > 0, /3 > ^-\- [^] -\- 1 and tp G ^/3,q,(S°). Let b G L°°{X) and assume that 
there exist 6 > /3 and ijj G ^/3^^q^(E^) for some ai> a and /3i > /5 such that f^ 'ip{t)il){t) -^ = \ 
and such that (j4.39|) is satisfied with b replaced by b. Additionally, assume that there exists some 
eo G (0, 1) with eo/3 > ^ and (1 - eo)^ > eo/3 + [^] + 1- 
Then for every f G BMOl{X) is 



'i>J ■'- 



\i;{t^^L)M,f{y)\ 



t 
a Carleson measure and there exists a constant C^ > such that for all f G BALOl{X) 

Ik^./llc < C^ II^IIl°°{X) WfWBMOUX) ■ 

For 6=1, one can show, in analogy to Lemma |3.12[ that condition (|4.39p is satisfied for 6 = 
min(a, /3,ai,/3i). For arbitrary b G L°°{X), such an estimate is no longer obvious. We give in 
Proposition 14.251 below sufficient conditions for (|4.39p with <^ = 2^ ■ Unfortunately, one needs 
5 > 2^ in (|4.39p for the proof of Theorem 14.261 below. 
We first require the following assumption, which is a slight modification of assumption dP]). 

Assumption (PI) Let tp G ^(S^) be given. Assume that for every / G L'^{X) there exists a 
measurable function g : X x (0, 00) — )• C such that for all s > there holds gg := g{. ,s) > 0, 
and the pair (i/;(s^'"L)/, gg) satisfies a p-Poincare inequality of the form (|4.8p for some p < 2 and 
with constants A > 1, Cp > independent of s and /. Moreover, assume that for all s > there 
holds gs G L^{X) and lias's |Il2(jjc) ^ C* ||/||j;^2(x) with C > independent of / and s. 

li X is the Euclidean space M", then the pair {'ij;{s'^"^L),gs) corresponds to {'ip{s'^^'L),V'il){s'^^'L)) 
and (PI) is satisfied whenever {sVV'(s^'"L)}s>o is uniformly bounded on L^(X). 

Proposition 4.25 Let b G L°°{X), let e-*^(6) = b and e-*^*(6) = b in Lf^^{X) for all t > 0. 
Leia > 0,/3 > "+^+^ . Letip,i) G ^/3,a(S°) \ {0}. Let (PI) be satisfied for ip , L andforijj, L* . 
Then there exists some C > such that 



'4){tL)Mbilj{sL) 



1 

/ g t\ 2m 

< Cmin -, - l|6||roo/v'^ 

L2(X)->L2(X) \t sj ^ ^^' 
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Proof: We follow the proof of Proposition 14.101 Let / G L'^{X) and s,t > 0. Due to the 
assumptions f3 > ^ and e~*^(6) = 6 in Lf^c{X) for all t > 0, Lemma [3?T3] yields '4>{tL){b) = 
in L'{^^{X) for all t > 0. Thus, for every R> 0, 



2m; 



i){t^'^L)Mbi'{s^'^L)f 



L^{B{0,R)) 



ij{t''^L)Mh^p{s'"'L)f - ii;{t'"'L)b ■ At^{s^'''L)f 



L2{B{0,R)) 



Due to Proposition [HUH {^(^-^)}t>0 satisfies off-diagonal estimates of order /3 > ^2m^- Observe 
that the calculations in (|4.15p - ()4.18p do not depend on the special form of {u, gt) but only on the 
fact that they satisfy a p-Poincare inequality. Hence, in analogy to (|4.19p . we obtain 



2m - 



i:{t''^L)M,^{s'-^L)f 



< 



E E 1 + 



aG4(, /3G/feQ 



LHX) 
dist(S„,S;3)'™ 



i2n 



2m. 



V(s^™L)/ - {^{s'^'L)f)., 



L\Q7) 



t^ \\Mpg s\\l2^x) 



<(- 

s 






2 

L2(X) 



where the last step is a consequence of (PI). The corresponding estimate against | follows by 
duality. n 



We are now ready to state the r(6)-Theorem. 

Theorem 4.26 Let L be an operator satisfying the assumptions (|Hip . ()H2p and (|H3p . Addi- 
tionally, let the assumptions ([P]) and (|P*P be satisfied. 

Let T : V{L) n n{L) -^ iL(^) ^^ « ^^^^ar operator with T* : V{L*) n 7e(L*) -^ -^L(^) *^c/i 

are satisfied for some 7 > ""^ "*" 



and (0D2), 



i/iai i/ie assumptions (ODl)^ 

Let 61,62 £ L°°{X) be two accretive functions such that the assumptions of Lemma U"- 



2m 



are 



satisfied for the operator families {T'ipi{tL)}t>o withbi and for {T*'ip2{tL*)}t>o withb2 and such 
that the assumptions of Lemma \4-24\ are satisfied for the triples ipi,bi, L* and -02, ^2) -^• 
Moreover, letT{hi) G BMOl{X) andT*(b2) G BMOl*{X). 
Then T is bounded on L'^{X), i.e. there exists a constant C > such that for all f G L'^{X) 



\\Tf\\ 



LHX) 



< C 



LH-X) 



Proof (of Theorem 14. 26^ : The proof works analogously to the one of Theorem 14.81 We will 
not give the proof in all details, but only state the differences to the one of Theorem 14.81 
Let /, 5 G L'^[X). Let 61,62 G L°°{X) be the two accretive functions given in the assump- 
tion with constants ci and C2, respectively. Moreover, let a > 1, /3 > ^ + [^] + 1 and let 
'4'i,tp2 G ^/3,a(5^CT) \ {0} as given in the assumption. Denote by ipi,tp2 G ^(^a) the functions 
given in the assumptions of Lemma 14.221 and Lemma 14.241 that satisfy /g°° '0i(O'0i(^) '^ — ^ ^^^ 

Since 61,62 are accretive functions, it will be sufficient to estimate Mb^TMb-^ instead of T. In 
analogy to the proof of Theorem 14.81 we first decompose both / and g with the help of the 
Calderon reproducing formula, which yields 



{Mh,TMhJ,g) 



{Mt'"'L)M,,TM,,Ms''"'L)Ms''^L)f,Mt''"L*)g)--. 
t s 



(4.40) 
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The two main differences will be the following. Observe that due to Lemma 14.221 and the as- 
sumption 7 > '^\^ , the operator families 



{TMi^MtL)} 



t>o 



and {T*MrMtL*)} 



lt>o 



(4.41) 



satisfy weak off-diagonal estimates of order 7. Moreover, together with the assumptions T{bi) G 
BMOl{X) and T*(b2) G BMOi-'iX), Lemma lilMl vields that 



Mt^'^mh.TihXy) 



2 dfi{y)dt 



and 



Mt'"'L*)M-,T*ib2)iy) 



dfi{y)dt 



(4.42) 



are Carleson measures. 

As in the proof of Theorem 14.81 it is enough to consider the part Ji , where in the inner integral 
of (|4.40p one only integrates over the interval {t G (0,oo) : < t < s}. Then, one also uses the 
first line of the decomposition (j4.1ip . but now applied for the operator Mj,^TM{,-^ instead of T. 
The error term Je is then equal to 



Je 



00 rs J J. J 

Jo t ^ 



Due to the weak off-diagonal estimates for the operator family {T*M-i^ V'2(i-^*)}t>o ^^nd the fact 
that 



< 



L2(X) 



2m- 



(/-e-*^)Vi(s''"L)/i 



we can simply copy the estimates in ()4.2ip . (I4.22p and ()4.23p and obtain 

\Je\ < II/IIl2(x) II5|Il2{x) • 

To handle the main term Jm, we now split Mi,^TMi,^e~* "^ into 

Then, following the same procedure as in (|4.25p . we get J^j = j\.^ + jfj with 



L2(X) 



Jl 



M 



{Mt'''^L)Mh,TM^,e-'""''^f - Mt'"'L)M,,T{bi) ■ Ate-'"'^'^f,Mt^^L*)g) ^ 



and 






00 jj. 

^ 



The term jj^j can again be estimated by application of Proposition I4.10| with a slight modifica- 
tion. We set 542m := ilj2{t'^^L)Mh^T and observe that this operator satisfies weak off-diagonal 
estimates of order 7 > '^\^ via (j4.4ip . It remains to check that the constant function 1 in 
Proposition 14.101 can be replaced by some arbitrary function 61 G L°°{X), i.e. that one can also 
obtain the estimate 



t2™-L . 



St2^Mb,e-' '^f-SMbi)-Ate-' ^/ 



L^(x) T-^ll^illi°°mll-^lli2w 



This can easily be seen in the calculations of ()4.15p . where one can pull the function 61 out of 
the L^-norm in the last step. 
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The term j|^ is, up to the multiphcation operator M^j, a paraproduct. To handle this term, let 
us have a short look at the proof of Theorem 14. 91 (cf. |31| . Theorem 4.2), which states the bound- 
edness of paraproducts on L'^{X). There, one only exploits the fact that |^(t^™L)6(y)| ^' — 
is a Carleson measure whenever b G BMOl{X) and does not explicitly use that h E BMOl{X). 
Since we have by assumptions that \Tp2{t'^"^ L)Mb^T{bi){y)\ ^ — is a Carleson measure, see 
()4.42p . we also get the desired estimate for J^^. 
The proof of the remainder term Jr, defined by 

Jo Js 1^ S 

is again handled as in (|4.29p . with the same changes as those for the treatment oi Je- d 

5 Proofs of auxiliary results 

In this section, we prove Lemmata 14. 121 14. 20114. 22] and l4. 241 In all cases, one has to establish off- 
diagonal for certain types of operators. Except for Lemma F4.20| one always transfers off-diagonal 
estimates from one operator to another with the help of a Calderon reproducing formula. 

Proof (of Lemma 14. 12p : Let t > and let i?i,i?2 be arbitrary balls with radius t. Let f,g£ 
L'^{X) with supp/ C Bi and suppf? C B2- Given tp G ^(S[^) \ {0} from the assumptions, 
we choose some function tp G ^^^^(S^) with a, /3 > 7 and J„°° ^(s)?/'(,s) ^ = 1. The Calderon 
reproducing formula then yields 



{T^{t'^L)f,g)= / {T^{t'^L)i:{s'^L)^{s'^L)f,g)-. (5.1) 

Jo s 

Since {TLp{tL)^t>o is uniformly bounded on L^(X), we can without restriction assume that 
dist(i?i,i?2) ^ t- We break the integral in ()5.ip into two parts, one over (0, t), which is called Ji, 
and one over (t, 00), which is called J2. 

We first turn to Ji. On the one hand, {T'0(sL)}s>o satisfies weak off-diagonal estimates of order 
7 > ^. Proposition 13. 11] on the other hand, yields that {'p{sL)Lp{tL)} s,t>o satisfies off-diagonal 
estimates in s of order a, since supj^o II v(* ■) II L°o (SO) ~ Ilvlli,o°(s0) < 00. Hence, the composition 
of the two operators {T'ilj{sL)tp{sL)(p{tL)} s^t>o satisfies weak off-diagonal estimates in s of order 
min(7, a) = 7 > 2^ on L'^{X) due to Proposition 13.71 Using Remark 13. 81 (which provides us with 
weak off-diagonal estimates in s for balls of radius t > s), with the roles of s and t interchanged, 
we therefore get 



{Ti^{s^^L)ij{s^^L)^{t'^B)f,g) 



ds 

s 



\Ji\ < I 
Jo 

< ;VAV. , dist(i?i,i?2)^"' A"^& 



'0 



s / \ s^'" / s 



Since we assumed 7 > 2^ and dist(i?i, B'l) > t, there further holds 



2m 

* 'ty f dist(J3i,^2)^"^ y^ ^ < r (iy-'""^ /distiBuB^f^-y^ ds 

\sj \ S^rn J s - io \s J { t^^n. 

dist(i3l,i?2)2™A"^ [\2n.^-n<^< / ^ dist(i?i, i?2)2™ ^ "^ 



t2m / ./o U ^ \ t27^ 
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using the substitution u = | in the penultimate step. 

We turn to J2. We again use that {Tip{sL)}s>o satisfies weak off-diagonal estimates in s of order 
7. Lemma 13.121 shows that for every a > with a < 5 and a < (3, there exists a family of 
operators {Ts^t}s,t>o such that 

iP{sL)ip{tL) = (-) Ts,t, 



where {Ts^t}s,t>o satisfies off-diagonal estimates in s of order a + a uniformly in t > 0. Proposition 
I3.7l then yields that the family of operators {T^lJ{sL)Ts^t} s,t>o satisfies weak off-diagonal estimates 
in s of order min(7, a + a) =7. Since weak off-diagonal estimates can be applied to smaller balls 
without any change, we obtain 



1^2! < 

It 



s 



^l [-) (^1 + ^ J -|l/llL^(i.0NI^^(B.)- 

Since we assumed 6 > j and /3 > 7, we can fix some a > 7 with a < 5 and a < /3. For this choice 
of a we further get, similar to the treatment of Ji, 

tV"" f. distCBi^S2)^\-^ ds_ p ^t^^2-(«-7) fdist{Bi,B2)^"'Y^ ds 



sj \ s2m J S ~ Jt \sj \ t2m J g 

i2m J J^ U -\^ t2m, J ' 

still assuming that dist(i?i, -62) > t. Combining the estimates of Ji and J2 finishes the proof, n 

Proof (of Lemma 14. 20|) : Let E,F be two arbitrary open sets in X and let / G L°°{X) 

and g G L?'{X) with supp^f C E. We begin with the estimation of {ilj{tL)Tii}t>o- Let 
5 = min(ai,/3i,a2,/32) as defined before and fix some 7 > with ^ < 5. Then for every 
s,t > 

||V^(tL)Vi(sL)||^2(^)_,^2(^)<min(^^,^^ , (5.2) 



using the same arguments as e.g. in Lemma 13.121 Hence, due to Minkowski's inequality and the 
uniform boundedness of the operator families {'02(s-^)}s>O) {e~* }s>o on L'^{X) and {e~* }s>o 
on L°°{X) we obtain 



>■ ' Jq L-'iX) S 



r"^ 



00 / „ J. \ 2ni5 



( s t\ ds 
<l min(-,-j — II5|Il2(x)II/IIl-(x) ^ II5|Il2{x) II/IIl-(X)- 



If dist(£', F) < t, the above estimate yields the desired conclusion. Otherwise, let p := dist(ii^, F) > 
t, and define d := {x £ X : dist(2;,F) < £} and G2 := {x £ X : dist(a;,F) < |}. Then there 
holds that Gi,G2 are open with dist(£;,Gi) > f and dist(F,X \ G2) > f. We split X into 
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X = G2 U X \ G2 and obtain 



< 



^(t^™L)Vi(s^'"L)lB(o,fl)V'2(s'™X)lg^ 



c.2m T „277i r 



f] 



ds 

L'2{F) S 



+ 



2m 



2m 1 



i;{t'^L)Ms''^L)lsio,R)Ms I^)'^x\G,[e-' "^5 • e"^ V] 



ds 



•^Gz + Jx\G2 ■ 



The estimate (j5.2p . the uniform boundedness of {'02(s-^)}s>o on L^{X) and G2 ^ Gi yield 



Jg, < / ^"^7'- 



^ / mm - , - 



t s 



2mS 



2m5 



Ms''^L)la,[e-^^^9-e-^^"^-f] 



ds 

L2(X) S 



r.2m. J „27n j „ 



ds 

L^Gi) S ■ 



Since, on the one hand, {e~'^ }s>o satisfies Davies-Gaffney estimates and is on the other hand 
uniformly bounded on L°°(X), we can estimate the above by a constant times ||/||xoo/Jsc^ IbH^^af^;) 
times 



's t 
mm 



< 



t' s 
s 



2m5 



1 + 



dist(^,Gi) 



(J 2m 



2m X -7 ^g 
S 



-^t/ \ s 



2m \ -7 



dist(^,F)^™\ ' ds '■°° 

"' 2m ' '" 



2m5 



tyV d-ist{E, Ff^\-^ ds 



r,2m 



< 1 + 



t .S\2rn5 ds r / tV""' / t\~^"'^ ds 



2m5 
SI \s 



2m \ -7 



< 1 + 



dist(£;, F) 

dist(E,F) 

using that 7 < 5. This gives the desired estimate for Jg . 

For the analogous estimate of Jx\G2 ' ^^ instead use the off-diagonal estimates of the operator 
family {ip{tL)ipi{sL)}s^t>o- We split Jx\G2 ^^^° ^^^ P^'^ts JL^^ and J^vr ' representing the inte- 
gration over (0, t) and (t,oo), respectively. Considering JLv^ , we take into account that Lemma 
13. 121 yields off-diagonal estimates in t of order 7 for the operator family {'ijj{tL)ipi{sL)} s^t>o with 
an extra term (|) . In addition, {^2(s-^)}s>o satisfies off-diagonal estimates in s of order 7 due 
to Proposition 13.11] Lemma 13.41 then yields that 



T^ - < 
'^X\G2 - 







V'(t2™L)V'i(s2™X)l5(o,^)^2(s'"L)l^\gJe-^''"^5 • e-'^''"^ 



/] 



^2m. 



^ dist(i^,Fp" \"^ 

-'^"^ ^2^^;^ I II/IIl-=(x) IIS'IIl2{£;) 



^9-e ' ^f 



ds 

L^(F) S 
ds 

L2(X) S 



(5.3) 



For the part Jy.^ , we in turn use that {'il){tL)ipi{sL)}s^t>o satisfies off-diagonal estimates in s 
of order 71 with an extra term (^) ^, where 7 < 71 < 5. With similar arguments as in (j5.3p . we 
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then obtain 



Ji.^ < 



'X\G2 



V'(t^"^L)Vi(^'™i)lB(0,«)V'2(s''"L)l^\^Je-^ ^g-e-' V] 



< 



oo / J. \ 2m7i 



1 + 



dist(F,X\ G2)^ 

t.2m 



2m \ -71 



9-e 



'f 



ds 

L^iF) S 

ds 

L2(X) S 



dist(£;,F)2™\ '^ 
-'^^ p^ ) \\j\\l^{x)\\9\\l2{e) 

dist(^^)2™\-^ 



A 



2'm7i 



-2m7 



ds 



(5.4) 



The combination of the above estimates finally yields the desired conclusion. Observe that all 
implicit constants in the inequalities are independent oi R > 0. 

We continue with the estimation of {(p{tL)Tjiip{tL)}t>o. By definition of (j) there holds |0(2:)| = 
0(1^1 ) for \z\ — )• oo. Hence, using similar arguments as in Lemma [4. 11 1, 



\\(p{tL)^i{sL)\\^2(^x)^L2{x) 






-sL 



HtL)\\ 



L^iX)-^L^{X) 



<ii 



(5.5) 



We therefore obtain, again using the uniform boundedness of the occuring operator families on 
L'^iX) and L°°{X), respectively, 



0(t^™L)rRV(t'"i)5|L2(^) 



< 



-s^^L. 



Ht'"'L)Ms'"'mB^o,R)Ms''^L)[e-^ ^V(i'"^i)5 • e-^ V] 



ds 

L2(X) S 



+ / ||e-^-""^^(t2™L)5-e-^""^/ 

s t 



ds 

L2{X) S 



ds 



< 



L-(X) II5|Il2(x) /^ ™'^Vi'5 



L2(X) S 

as 



< 



L°°{X) \\9\\l^(x) 



If dist(£', -F) < t, the above estimate yields the desired conclusion. Otherwise, with the notation 
as before, we split X into X = G2D X \G2- Let us moreover split the integrals into two parts 
over (0,t) and (i,oo). Taking into account the fact that {e~'^^ip{tL)}s^t>o satisfies off-diagonal 
estimates in t of order 7 and using G2 C Gi and (|5.5p , we then obtain 



4.< 



-s2'"L . 



Ht'"'L)Ms'"'mBio,R)Ms'"'ma2[e-' ''Ht'"'L)g.e-' ^/] 



ds 

L2{X) S 



<^i!{r" 



'i,(t""L)g . e-'-'-f 



ds 

LHGi) S 



distCB^l)2™\ ^ r* .SN 2^7 ds 



< 1 + 



dist(F,F )^' 

f2m 



2m \ -7 



L°°(X) \\9\\l2{E) ■ 



(5.6) 
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Moreover, for e = 5 — 7 > 0, the operator family {e '^^'tp{tL)}s^t>o satisfies off-diagonal estimates 
in t of order 7 with an extra factor (^) , where we use that 



e-'^'^itL) =[-] {sLfe-'''{tL)-'^{tL) 



and Proposition 13.111 Thus, 



4< 



< 



</>(t^-L)Vi(s^'"L)lB(o,fl)V'2(s'™X)lgJe- 

ds 



^Li,i.2m 



i^{t'^L)g-e-^ V] 



ds 

L2(X) S 



-s^^L^^^2m^^g . e-«""^/ 



L2(Gl) S 

2me 



^ / ^ distCB^Gi)^\ -^ /■- /A ^™^ d£ 
dist(£;,F)2'"^ "'^ 



L°°(X) II5|Il2(E) 
^2m / IIJ iIl°°(X) llfi'llL2(£;) 

Let us turn to the calculation of Jx\G2 ■ ^^ '^'^^ ^^^ ^^^^ ^^'^ e = 5 — 7 > 



< 1 + 



(5.7) 



<P{tL)iJi{sL) 



S\e 



(tL)^<^(tL)(sL)-^Vi(sL), 



therefore {(/)(tL)^i(sL)}s^i>o satisfies off-diagonal estimates in t of order 7 with an extra factor 



r) . Hence, 



/I - < 



2m 



2m ; 



-s-'"^L,.u2m i 



,/.(t^-L)V'i(.^-L)lB(o,ii)V'2(s'"^i>)lx\G.[e-^ ^V'(i''"i)5 • 



-s^"^L 



f] 



< 1 + 



dist(F,X\G2) 



2m \ -7 



2m 



< 1 + 



dist(£^, F) 



L-(jf) II5|Il2(s) / ^^- 



S\2me (fs 



sy™e ds 






2m, \ -7 



L°°(X) II5|Il2(£;) . 



L2(X) S 



(5. 



For the remaining part, we apply (j5.5p and off-diagonal estimates of {(j){tL)'ipi{sL)} s^t>o in * of 
order 7, which yields 



J: 



X\G2 



< 



'S^"^L . 



cf>it'^L)Ms'"'L)lBio,R)M' L)lx\G2[e~' Xt^'"L)9-e-^ ^/] 



^ /■°°/ dist(F,X\G2)^ '"^-^ 



< 1 + 



dist(£^,F) 

^2m 



s' 

2m \ -7 



2m5 



ds 



L°°(X) IIS'IIl2(E) 



L°°(X) llfi'llL2{£;) 



ds 

L2(X) S 



(5.9) 



since 5 > 7. Combining (|5.6p and (|5.7p with ()5.8p and (j5.9p finishes the proof. 



Proof (of Lemma r4.22|) : Let b £ L°°{X) and let t > 0. Further, let -61,-62 be two arbitrary 
ball in X with radius t and let f,g £ Lp'{X) with supp/ C Bi and suppr? C i52- We decompose 
the given expression with the help of a Calderon reproducing formula as 



(TM,^(t2-L)/,5)= / {i^{s^'^L)M,'>P{t"^L)f,i,{s^^L*)T*g)-, 
Jo s 



(5.10) 
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where ip is the function taken from the assumptions, satisfying J^ ip{t)ip{t) -j = 1. We deduce 
from Lemma 13.11 that due to the weak off-diagonal estimates of order 7 > 2m ' ^^^ operator 
family {T'0(tL)}(>o is uniformly bounded on L'^[X). Together with assumption (j4.39p and the 
Cauchy-Schwarz inequality, this yields 



{TM,^l^it'"''L)f,g) < 



V^(.^-L*)r*9|L.(^) 



< 



< 



mm 



s t \ as 



L°°(x) II/IIl2(b^) I|5|Il2(B2) 



\L°°iX) \\J |Il2{Bi) \\9\\l'2{B2) ■ 

This shows the desired estimate in the case of dist(i?i, B2) < t. For dist(-Bi, B2) > t, we split the 
integral in (|5.10p into two parts, one over (0,t), which is called Ji, and one over (t,oo), which is 
called J2. 
To handle Ji, we cover X with the help of Lemma l2.ll bv balls of radius t. That is, we have 



X = Uae/ -^ct' '^here /cq G Z is determined by C16''" < t < C16''" ^, the balls are defined by 
Ba '■= B{z^°,t) and I^^^z^ are as in Lemma [2. II and Notation 12.21 Applying this decomposition 
of X and using the Cauchy-Schwarz inequality, we then get 

|Jil< / \{i^{s^"'L)M,^{t'^L)f,^{s^^L*)T*g) 



< 






^{s''^L)M,i;{t''^L)f 



ds 

s 

Jim T * 



L^Bc.) 



i;{s'^L*)T*g\\^, 



ds 

{Ba) g 



Due to the weak off-diagonal estimates for {'(/;(sL*)T*}s>o and Remark 13.81 we have for all s < t 
and all a G /fcg 



V^(.^-L*)r*5L.(. , < 



{Ba) 



1 + 



dist{B^,B2 

c,2m 



\1ra 



|5|Il2(B2) 



(5.11) 



On the other hand, as a result of Proposition IHTTl {'0(tL)}i>o and {^(tL)}i>o satisfy off-diagonal 
estimates in t of order /3i and /3, respectively. Hence, Lemma [331 shows that {^(s-L)M(,^(tL)}5^f>0 
satisfies off-diagonal estimates in max(s,t) of order /3 = min(/3, /3i). Together with assumption 
()4.39p . this yields for all s < i and all a G l]^^ 



< min < f 1 -F 



L-^{Ba) 

dist(5i,B«)2™ 



^2r. 



< 1 + 



dist(Si,5„) 



2m 




L°°(X) Wi IIl2(Bi) 



L°°(X) \\J IIl2(Bi) ' 



(5.12) 



for every e G (0, 1). Recall that we assumed the existence of some eg G (0, 1) such that eo/5 > 2^ 
and (1 — eo)'5 > 2m ~'~'^^^(^o/3, 7)- Since we also assumed 7 > 2^, we therefore have min(eo/3, 7) > 
^. This enables us to apply Lemma [3.61 to get 

\2m\ -£0/3 / A-^^^l-D D_\2m\ -7 / j:„+/d, o_\2m \ " min(eo/3,7) 



"6-ffeo 



dist(Si,Sa) 
1^ 



1 + 



distCB^2)' 

r,2m 



-^ ^ / dist(iJi,iJ2)'" 

"''"'' ^2m 



(5.13) 
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where we estimated the occuring s in (|5.13p simply by t. Combining the estimates (jS.lip and 
()5.12p with (|5.13p . we therefore obtain 



aeiko 



< 1 + 



dist(Sl,52)2™\-"'''^'°^'^^ /■* /SX(l-^0)2m5-n ds 



(■ 



< 1 + 



t^"^ J Jo '^t, 

2m\ -min(eo/3,7) 

II^IIl°°(x) II/IIl2(Bi) \\9\\l^{B2) 



L°°(x) II/IIl2(Bi) II5'IIl2(B2) 



dist(Sl,S2) 



f2m 

where in the last step we used the fact that the integral is bounded by a constant independent of 
s and t due to the assumption (1 — £o)5 > ^. Therefore, the last line gives the desired estimate 
for Ji. 

We now turn to the integral J2. As before, we cover X with balls of radius t and use the 
Cauchy-Schwarz inequality to get 



|J2|< / \{ij{s'"'L)M,i;{t'^L)f,i;{s'"'L*)T*g) 
It 



ds 
s 



atJfcQ ' 

On the one hand, we again use the weak off-diagonal estimates for {^(sL*)T*}s>o, applied to 
balls of radius t by embedding them into larger balls of radius s, and get for s > t and a G I^q 



\\ilj{s'^"'L*)T*g\ 



L-^{Bc 



distCB^2)^\ \ 



r,2rrt 



(5.14) 



In analogy to (j5.12p . on the other hand, we obtain by application of Proposition 13.11] Lemma 
and assumption (|4.39p for every s > t and every a S /^q 



2m 



i,{s''^L)M,i,{t'^L)f 



L'^iBc,) 



< 1 + 



dist{Bi,Bc 

r,2m 



\2m\ -eo/3 / ,\ {l-eo)2m5 



\L^{X) \\J llL2(Bi) ■ 

(5.15) 



Lemma 13.61 in turn yields that for all s > t 






dist(Si,Ba) 

e2r?i 



2m\ -^0^ 



1 + 



dist(^a,^2) 
c2m 



2m\ -1 



< ('fV"^"^ ^^^di_St(Bi,52) 



2m \ - min(£o/3,7) 



r,2m 



for arbitrary e > 0. As above, the combination of ()5.14p . ()5.15p and (|5.16p provides us with 



(5.16) 



ae/fcn 



disi{Bi,B-2 



L^B^) 



(Bo.) 



< 



1 + 



2m \ - min(eo/3,7) / ^ \ (l-£o)2m5-(n+e) ^^ 



c2m ; In 

\l°°{x) II/IIl2(Bi) II5'IIl2(B2) 



(5.17) 
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Finally observe that the integral in (|5.17p can in view of the assumption dist(i?i, -B2) > i be 
bounded by a constant times 



/dist{Bi,B2 



2m.\ -mm(eo/3,7) /-oo 



^2. 



< 1 + 



dist(^l,g2)^"' 
f-2m 



t 

t \S 

min(eo/3,7) 



2mmin(eo/3i7) 



(l-£o)2m(S-(n+e) 



ds 
s 



since we postulated (1 — eo)*^ ~ niin(£o/5, 7) > ■y'^ fo^' sufficiently small e > 0. 



Proof (of Lemma HSU): We set M := [^] + 1. Then BMOl{X) = BMOl,m{^) according 
to Definition E^ni 

We follow the proof of |41| . Lemma 8.3, replacing the operator family {(tL) e~ }t>o by the 
operator family {'il){tL)Mi,}t>o- The corresponding term I\ can be handled with just the same 
methods, once one has checked that {'0(tL)Mfe}t>o satisfies quadratic estimates and off-diagonal 
estimates of order /3 > ^ and that this are the only properties of {(tL)^e~*'^}(>o that are used 
in |41| . Lemma 8.3, for I\. 

For the term I2, it needs a more careful treatment. What is essential for this part is the fact 
that the operator family {(tL) e^ (tL)~ }(>o, now replaced by {^(tL)Mb(iL)~ }(>o, satisfies 
off-diagonal estimates of order f3 — k > -^ for every 1 < A; < M. If one can establish these 
estimates, the proof for the second part I2 can be copied from the one of |41| . Lemma 8.3. 
Thus, let us show, in analogy to Lemma I4.22[ that {^(tL)Aff,(tL)~ }t>o satisfies off-diagonal 
estimates of some order larger than ^. Let E,F be two open sets in X and let g G V^L^^) 
with suppflf (^ E, h £ L'^{X) with supp/i C F. Via the Calderon reproducing formula, we write 



{iP{r"'L)Mb{r"'L)-^g,h) 



00 ^, 

^ 



Due to the Cauchy-Schwarz inequality, the uniform boundedness of {ip{sL){sL) ''}s>o and as- 
sumption ()4.39p we then obtain 



2m , 



{i){t^'^L)Mh{t^'^L)-^g, h) 



< 



2mk 



mx) 



ij{s^"'L){s^"'L)~^g 

VTs) \-t) -\\^\\L-i,x)ML^m 

L°°(X) II9|Il2(S) II^IIl2(F) ' 



< / mm 

JO 

< 



L^X) 



ds 

L2(X) S 



where for the case s > t we take into account that 5 > M and therefore 6 > k for all 1 < fc < M. 
This yields the desired estimate for dist(£^, F) < t. 

For the case p := dist{E,F) > t, we define the sets Gi := {x £ X : dist(x,-F) < ^} and 
G2 ■■= {x e X : dist(x,F) < |} and then split X into X = G2LlX\G2. By construction Gi,G2 
are open with dist(£^, Gi) > ^ and dist(F, X \G2) > f ■ Using that G2 '^ Gi, this leads to 



{'iP{t^"'L)Mb{t^"'L)-''g,h) 



< 



2mk 



2m i 



i;{s^'^L){s'"'Lyg 



L^(Gi) 



2m T *\ 



i;{s^"'L*)M-bij{t^"'L*)h 



ds 

L^Gi) S 
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+ 



2mk 



2m ; 



^{s''^L){s''^L)-''g 



LHX\G2) 



2m T *\ 



'ilj{s^'^L*)Mii;{t'"'L*)h 



ds 

L2(X\G2) S 



=: Jgi +Jx\G2- 

For the term Jx\G2 ^^ S^t via Lemma [3. 41 applied to {ip{sL*)Miip{tL*)}s^t>Oi assumption (|4.39p 
and the uniform boundedness of {'i/'(sL)(sL)~ }s>o 



Jx\G2 ^ 



mm 



^ dist(F,X\G2)' 
max(s, tj^™ 

L°°{X) \\9\\l^{e) II^IIl2(f) 



2m. \ -/3 



S t 

mm I - , - 

t s 



2m5^ 



S\2mk ds 



(5.18) 



Since by construction dist(-F, X \ G2) ^ dist(ii^, F) > t, we can bound the integral in ()5.18p in a 
similar way as in the proof of Lemma 14.221 by a constant times 



mm 



1 + 



dist(£;,F) 



2m. \ ~P 



f2m 



j-OO 

+ / min 



1 + 



dist(£;,F) 

„2m 



g\ 2m5 

2m\ -P 



S\2mk ds 

1) T 



2m<5^ 



(f) 



S\2mk (Is 
S 



< 1 + 



+ 



< 1 + 



dist(^,F)2'"\ ^ /•* /s\2mfc ds 

2rn 

dist(E, F) 



i^"" / Jo ^t 

2m\ —^oP foo 



l2r. 

di\si{E,Ff 



s 

-2meo/3 



^) 



2m(l~eo)5~2mk 



ds 
s 



2m. \ -"^0/3 



for eo £ (0, 1) as given in the assumptions with (1 — eo)6 > eo/9 + k for all 1 < fc < M. 

It remains to estimate J^. Observe that {^(sL)(sL)~'^}s>o satisfies off-diagonal estimates of 

order /3 — k due to Proposition 13 . Ill With the help of assumption ()4.39p . we therefore obtain 



Jgi ^ 



1 + 



dist(E, G 



2m\ -iP-k) 



„2m 



mm 



\ s 

X ML--{X)\\9\\L-^{E)\\h\\L^F)- 



S t\2™^ /s\2mfc ds 



ts 



id' 



(5.19) 



Using the fact that dist(-E,Gi) > dist(£', F) > t and the assumption 6 > P, we can show that 
the integral in (j5.19p is bounded by a constant times 



1 + 



dist(£;,F)^ 

f2m 

dist{E,Fy' 



2m\ -(/3-fc) ft 



+ 



/O 

2m, \ "(/3-fc) 



r /S\2m.'5 /^x 2mfc ds 



00 /^ 



-2m(/3-fc) /^^^2m5 ^^ 2mfc ^^g 



2m \ -(/?-'=) 



< 1 + 



^2m 

dist(S,F)^ 

^2m 

In summary, the above estimates yield that the operator family {ip{tL)Miy{tL)~^^t>Q satisfies 
off-diagonal estimates of order min(/3 — k,£of3) > -^ for every 1 < A; < M. □ 
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